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Abstract. Newtonian gravitation gives a remarkably complete analytic theory of isolated planetary, stellar, and space-
craft orbits. This paper presents a vector derivation of Keplerian motion from the two-body problem, emphasizing the
geometrical constants of motion that make the inverse-square force integrable. After reducing the two-body system
to an equivalent one-body problem with reduced mass, we derive conservation of linear momentum, specific angu-
lar momentum, mechanical energy, and the Laplace-Runge-Lenz eccentricity vector. These invariants imply planar
conic-section trajectories with focus at the attracting mass and orbit equation r = p/(1 + e cos v). The radial effective
potential is developed to identify turning points and circular-orbit stability. Kepler’s second and third laws, the vis-
viva equation, and the six classical orbital elements follow from the same invariants. We connect true, eccentric, and
mean anomalies through Kepler’s equation and illustrate its Newton—-Raphson solution numerically. Applications
include Earth-Sun motion, Hohmann transfer orbits, binary-star mass determination, and an additional exoplanet
radial-velocity example. We also discuss observational tests, osculating elements, perturbations, tides, radiation reac-
tion, and relativistic apsidal precession, with an appendix collecting useful algebraic details.
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1. Introduction

Kepler’s three laws were distilled empirically from Ty-
cho Brahe’s planetary observations and published be-
tween 1609 and 1619. They state that planetary orbits
are ellipses with the Sun at one focus, that the radius
vector sweeps equal areas in equal times, and that the
square of the orbital period is proportional to the cube
of the semimajor axis. Newton’s achievement was to
show that these laws follow from a single dynamical
principle: an inverse-square gravitational attraction act-
ing between masses [2]. In modern language, the Ke-
pler problem is the integrable two-body problem gen-
erated by the central potential —p1/r, where pp = G(m; +
7712).

The value of the Newtonian derivation is not merely
historical. It provides the zeroth-order model for plan-
etary ephemerides, spectroscopic and visual binary
stars, exoplanet radial velocities, pulsar timing, space-
craft mission design, and the local dynamics of accre-
tion discs. Most modern treatments add small pertur-
bations: non-spherical gravity fields, additional bodies,
gas drag, radiation pressure, tidal dissipation, and rela-
tivistic corrections [7, 6, 5]. These refinements are best
understood after the exact Keplerian structure has been
made explicit.

This paper develops that structure by vector meth-
ods. The conservation of angular momentum is fa-
miliar and explains planarity and Kepler’s second law.
Less familiar, but equally decisive, is the Laplace-
Runge-Lenz vector, also called the eccentricity vector.
Its conservation is a special symmetry of the inverse-
square law and fixes both the shape and orientation of

the orbit. From these constants one obtains conic sec-
tions without solving a second-order differential equa-
tion component by component.

The presentation is intended for advanced under-
graduate and beginning graduate students, but the
derivations are written with sufficient detail for re-
search use. Throughout, bold symbols denote vectors
and hatted symbols denote unit vectors. The relative
separation is r = ry — ry, its magnitude is r = |r|, and
v = r. The gravitational parameter is

U= G(m1 + 7712). (1)

The specific angular momentum, energy, and eccentric-
ity vector will be denoted by h, €, and e, respectively.

2. Physical and Mathematical Framework

2.1. Newtonian two-body dynamics

Let two point masses m; and g have inertial positions
r1 and 2. Newton's law of gravitation gives equal and
opposite forces,

rL—T2

I’I’ll’i';l = —Gm1m2—3, (2)
|71 — 7o
. rL—T2
MoTo = +Gm1m2—3. (3)
|7"1 - ?“2|
The center-of-mass coordinate is
miry + mMore
R=——""—, (4)
my + mo
and the relative coordinate is
=7 —7To. (5)
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Adding (2) and (3) gives
(my +my)R = 0. (6)
Thus the center of mass moves uniformly. Subtracting
the accelerations gives
i = —G(my + mz,)ri3 = —y:—g. 7)
Hence all orbital shape information is contained in the

single relative equation (7).

Definition 1. The reduced mass of the two-body sys-
tem is
Myed = ———— - (8)

The relative motion may be interpreted as the motion
of a particle of mass #,eq in the potential —Gmymy/r.

To see this, write the kinetic energy in center-of-mass
and relative variables:

1 1
T = 51111?"% + 51112?"%, (9)
1 . 1
T = 5(1111 + mg)R2 + §mred’f'2. (10)
The potential energy is
mre
U(r) = _GmrlmQ =— rdy. (11)

Dividing the relative energy by m,.q gives the specific
energy

= —p° — —. 12
€ 20 . (12)

The adjective “specific” means per unit reduced mass.
This convention is standard in astrodynamics and stel-
lar dynamics because the orbit geometry depends on
u and initial relative phase-space coordinates, not sep-
arately on ;4.

2.2. Central forces and immediate constants

The force in (7) is central: it is parallel to r. Taking the
cross product of r with (7) yields

rXr

rX§i=—p 3 =0. (13)
Since d
E(TX’U)Z’UXU-F’I“X’O, (14)
we obtain dh
5:0' h=rxwv. (15)

The vector h is the specific angular momentum. It is
perpendicular to both r and v for all time, so the orbit
is confined to the fixed plane normal to h.

Energy conservation follows by dotting (7) with v:

) v-r
’U"UZ—IUr—g, (16)

L)kt w

Therefore 41

S22 E) =

dt (2 Ty 0 (18)
which is precisely (12).
Remark 1. Conservation of h follows from rotational
symmetry, while conservation of € follows from time-
translation symmetry. The inverse-square force has
an additional hidden symmetry, expressed by the
Laplace-Runge-Lenz vector, which is responsible for
closed bound orbits.

2.3. Radial reduction and the effective potential

Because the orbit is planar, it is useful to introduce po-
lar coordinates in the plane perpendicular to h. The
squared speed decomposes as

0% =72 + 2% (19)
The angular-momentum integral gives

h

V=—.
r2

(20)

Substituting (20) into (19) and then into (12) gives a
one-dimensional radial energy equation,

%ﬂ +Ueg(r) = ¢, (21)

where the effective potential per unit reduced mass is

Ue(r) = — — —. (22)

The first term in (22) is the centrifugal barrier. It is not
a new force, but the energetic consequence of angular
momentum: orbits with & # 0 cannotreachr = 0 unless
their energy is high enough to overcome the divergent
h?/(2r?) term.
The radial acceleration follows by differentiating (21)

or by resolving (7) into polar components:

. h? 1

r — 1’_3 = _1’_2' (23)
A circular orbit has constant radius ¥ = v, so # = # = 0.
Equation (23) then gives

h2 = pr. (24)

Equivalently, the circular speed satisfies

- &
Ve = . (25)

The second derivative of the effective potential is

U _ 30 2

drz ot (26)
At the circular radius, (24) gives
dQUeff H

12 = r_g’ > 0. (27)

Te
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Uest /(11/7c)

r/re

Figure 1. Effective potential for fixed angular momentum,
scaled so that the minimum occurs at ¥ = r, = h2/ u. Bound
radial motion occurs between turning points satisfying € =
U (7); the minimum is the stable circular orbit.

Thus circular Keplerian orbits are radially stable. Small
radial oscillations about . have frequency

K= \/E, (28)
Te

which equals the angular frequency

_Y_ |H
ne = A\ (29)

The equality x = n. is another way of seeing why nearly
circular Keplerian orbits close after one radial oscilla-
tion. In extended mass distributions or relativistic po-
tentials the equality generally fails, and the apsidal line
precesses.

3. The Laplace-Runge-Lenz Vector and the
Orbit Equation

3.1. Construction of the eccentricity vector

Starting from (7), take the cross product with h:
. r
vxhz—yr—sx(er). (30)

Use the triple-product identity a X (b X ¢) = b(a - ¢) —
c(a - b) to write

r
r—gx(rxv)=—3[r(r-v)—vr2], (31)
7 1
= 7—21" - ;’U (32)
The derivative of the radial unit vector # = r/r is
df@ v ri
FTERL (33)
d# 7 v
—a = r—Q’I" - ? (34)
Combining (30)—(34) gives
ds

Because h = 0,

d dr
Thus the vector n
e= 220 _; (37)
u

is constant.

Definition 2. The constant vector e in (37) is the eccen-
tricity vector. Its magnitude

e =|e| (38)

is the orbital eccentricity, and for non-circular orbits its
direction points toward periapsis.

The physical interpretation is immediate. The vector
7 follows the instantaneous radius, while (vxh)/ i com-
bines velocity and angular momentum. Their differ-
ence remains fixed only for the inverse-square law. This
fixed vector chooses a preferred direction in the orbital
plane, breaking the rotational degeneracy of a generic
central orbit and making the apsidal line stationary.

3.2. Derivation of the conic equation

Dot (37) with 7

r=w—r. (39)

The scalar triple product may be cycled:
r-(vXh)=h-(rxv)=h-h=h? (40)

Let v be the true anomaly, the angle from e to r in the
direction of motion. Then

e-r =ercosv. (41)

Substitution into (39) gives

2

ercosv =— —r. (42)
Solving for r yields
p W
=——— = —. 4
" Tt ecosy’ P L (43)

Equation (43) is the polar equation of a conic section
with one focus at the origin.

Proposition 1. The relative orbit under Newtonian gravity
is a conic section. It is an ellipse for 0 < e < 1, a parabola
for e =1, and a hyperbola for e > 1.

Proof. The polar equation of a conic with focus at the
origin, eccentricity e, and semi-latus rectum p is exactly
(43). The standard classification of conics by eccentric-
ity gives the three cases. m]
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At periapsis v = 0, and at apoapsis for an ellipse v =
7. Therefore

T i e’ ()
razlfe (<1) (45)
For an ellipse,
0= (46)
p=a(l-e?). (47)
Combining (47) with p = h?/u gives
h? = pa(l-e?). (48)

For a hyperbola one often uses a < 0, in which case the
identity
p=a(l-e? (49)

still gives p > 0 because ¢ > 1.

The radial turning points of an ellipse may also be
recovered from the effective-potential equation. Setting
7 =01n (21) gives

h?
er’ + ur — 5 =0 (50)

For € < 0 the two positive roots are

—U F AU+ 2eh?

Ty = % (51)
Using (71) below, these roots reduce to
h?/u
Y (52)
h?/
ry = ﬁ =T7,. (53)

Thus the geometrical apsides are the same points at
which the radial kinetic energy vanishes.

4. Kepler’s Laws from the Constants of Mo-
tion
4.1. Kepler’s second law

The areal velocity is the rate at which the radius vector
sweeps area in the orbital plane. During an interval dt,
the swept area is

1
dA = 572dv. (54)

In polar coordinates in the orbital plane,

Therefore

periapsi

Figure 2. Ellipse geometry. The attracting body is at focus F;
the true anomaly v is measured at the focus, while the eccen-
tric anomaly E is measured at the center using the auxiliary
circle.

Figure 3. Family of Keplerian conics in polar form r/p = (1 +
e cosv)~1. Ellipses close for e < 1; the hyperbolic branch is
open and has asymptotes where the denominator vanishes.

Combining (54) and (56),

dA h

—_— = —. 7

dt 2 (57)
Since & is constant, dA/dt is constant. This is Kepler’s
second law.

The physical content is angular-momentum conser-
vation. A body moves rapidly near periapsis because r
is small, and slowly near apoapsis because r is large, in
exactly the proportion required to sweep equal areas in
equal times.

4.2. Kepler’s first law

For bound motion e < 1, (43) is an ellipse. Its focus
is the origin of the relative coordinate, i.e. the center
of force. In the exact two-body problem neither star or
planet sits at the absolute origin; rather, both bodies or-
bit their common center of mass. Their relative ellipse
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has semimajor axis a = a; + a5, where

YD)

= —-ou, 58
41 ma +m2a ( )
my
=— 1. 59
= miq +ﬂ’lga ( )

Thus each body traces a similar ellipse about the
barycenter, with the same period and eccentricity but
with semimajor axes inversely proportional to mass.

4.3. Kepler’s third law
For an ellipse the total area is
Aen = mab. (60)
The semiminor axis satisfies
b=aVi-e2 (61)
Since the areal velocity is /1/2, the period is

Aen _ 2ma*V1 —e?

P=3n= h (62)
Using (48),
247 — -2
P 2naVl —e ’ (63)
Vypa(l —e?)
3
P =2n,|Z. (64)
L
Therefore )
o_ A 3
P = o (65)

This is the Newtonian form of Kepler’s third law. The
proportionality constant contains the total mass, not
merely the central mass. The approximation P? =
4m?a3 /(Gmy) is valid only when ma < 1.

5. Energy, Vis-Viva, and Orbit Classifica-
tion
5.1. Energy in terms of orbital elements

The eccentricity vector supplies a useful relation be-
tween energy and eccentricity. From (37),

pe =v X h— us. (66)

Taking the squared magnitude,
p?e? = |v X h|* = 2uf - (v X h) + 2. (67)

Because v is perpendicular to h,
lv X h|? = 0% R (68)

Also,
2

f-(vxh)zir-(vxh)th. (69)

Thus )
h 2u
€2=1+—2(02—7). (70)
Using € = v?/2 — u/r,
2
2 =1+ QZ}; . (71)
This single equation classifies the orbit:
e<0e=0<ex<], (72)
e=0c=e=1, (73)
e>0e=e>1. (74)
For an ellipse, substitute (48) into (71):
2e
e? =1+ Elua(l -e?), (75)
2ea
l=———. (76)
u
Hence u
=——. 77
€=- (77)

The same formula holds for hyperbolic motion if 2 < 0,
giving € > 0.

5.2. The vis-viva equation

Insert (77) into the definition of specific energy:

Lo H H
- S = 7
20 r 2a (78)
Solving for v? gives the vis-viva equation
2 1
2_ (222, 7
senl2) =

At periapsis and apoapsis,

1+e
o = V“a(l —e)’ (80)

1—e¢
a(l+e)’

Vo =4 [H (81)
Equation (79) is one of the most useful results in celes-
tial mechanics. It says that speed is determined locally
by r and globally by the energy scale a. It is therefore
central in orbit determination and mission design.

5.3. Flight-path angle and local velocity components

The speed alone does not specify the direction of mo-
tion. The radial and transverse components are ob-
tained by differentiating (43) and using (56). Since

dr pesinv

il 2

dv (1 +ecosv)?’ (82)
the radial velocity is

,_dr @

P= V= qesiny. (83)



Vector Derivation of Kepler’s Laws from Newtonian Gravitation and the Analytic...

Celestial Mechanics

The transverse velocity is

_h _u
rv=—= h(1+ecos1/). (84)

Thus

2
v? = (%) [62 sin?v + (1 + e cos v)2] , (85)
which reduces to the vis-viva form after substituting
p = h*/u. The flight-path angle y, measured from
the local transverse direction toward the velocity vec-
tor, satisfies
7 esinv
tany = — = ——. 86

Y T T+ ecosy (86)
This relation is routinely used in trajectory design be-
cause it gives the direction of the required velocity vec-
tor at any point on the conic.

6. Classical Orbital Elements

6.1. Geometrical definition

A Keplerian orbit in three-dimensional inertial space is
specified by six classical elements:

(a,e,i,Q, w,v). (87)

Here a is the semimajor axis, e the eccentricity, i the
inclination of the orbital plane relative to a reference
plane, Q the longitude of the ascending node, w the
argument of periapsis, and v the true anomaly.

Let k be the unit vector normal to the reference plane.
The node vector is

n==kxXxh. (88)
Then

i = arccos (%) , (89)
Q = atan2(n,, ny), (90)
@ = atan2 (w’n-e)’ (91)

hne ne

B h-(exr) e-r
v = atan2 (T, ?) (92)

The two-argument arctangent places the angle in the
correct quadrant. For circular or equatorial orbits some
angles become undefined; nonsingular element sets are
then preferable.

The inverse transformation begins in the perifocal
frame (P, §, w), where p points to periapsis and  is
normal to the orbit. In that frame,

COosV

— P lsnv|, (93)
1+ecosv 0

m —sinv
Vpf = \/j e+cosv|. (94)
P\ o

T’pf =

line®»f Xodes

Figure 4. Classical orbital elements in a three-dimensional ref-
erence frame. The angles (), i, and w orient the orbital plane
and apsidal line; the true anomaly v locates the body on the
conic.

The inertial vector is obtained by rotations:
7 = R3(QR1()R3(w)rps, (95)
and similarly for v:

v = R3(Q)R1(1)R3(w)vps- (96)

6.2. Anomalies and Kepler’s equation

For elliptic motion define the eccentric anomaly E by
the auxiliary circle in Fig. 2. The Cartesian coordinates
relative to the ellipse center are

Xc=acosE, (97)
Yyc =bsinE. (98)
With the focus as origin,
r=a(l —ecosE). (99)
Comparison with r = a(1 — e2)/(1 + e cosv) yields
cosE —e
COSV = m, (100)
V1 —e2sinE
1 = — 101
sy 1—ecosE (101)
Equivalently,
1+ E
fan - = ¢ tan=. (102)

2 1-e 2

The mean anomaly M is proportional to time from
periapsis:

- a(h - _2m_ H
M =n(t -1), n=75 =45 (103)

where 7 is the time of periapsis passage. Since M is also
27 times the fraction of orbital area swept, one obtains
Kepler’s equation

M =E —esinE. (104)
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A direct derivation follows from area. The area swept
from periapsis to eccentric anomaly E is

A(E) = %(E —esinkE). (105)
Dividing by mab and multiplying by 2r gives
2nAE) _p _psinE = M. (106)
nab

Thus uniform motion in mean anomaly maps nonlin-

early to physical position.
For hyperbolic trajectories, a useful analogue is the
hyperbolic anomaly H. Witha <0and e > 1,
r=a(l —ecoshH), (107)

where the right-hand side is positive because a < 0.
The hyperbolic Kepler equation is

My =esinhH - H, (108)
with
M, = -1 (109)
(-a)?
The true anomaly is related to H by
v e+1 H
= = /= tanh —. 11
tan2 e_ltan 5 (110)

These formulae are essential for cometary flybys and
gravity-assist trajectories, where the object is not gravi-
tationally bound to the central body.

6.3. Newton-Raphson solution

For given M and e, Kepler’s equation is solved by find-
ing the root of

f(E)=E —esinE - M. (111)
Newton—Raphson iteration gives
Ern :Ej_Ej—esinEj—M (112)
1—ecoskE;j
For 0 < e < 1, the derivative satisfies
l—-e< f(E)y=1-ecosE<1+e. (113)

Thus f is strictly increasing and the root is unique mod-
ulo 27t. Once the iteration is sufficiently close, the error
is quadratic:

fll(E*)
2f'(E.)
For small and moderate eccentricities, E; = M is usu-

ally adequate. For e — 1 and M near zero, better
starters are used because f’(E) can become small.

|Ejs1 —E| = (114)

|Ej — E.|*.

Table 1. Newton—-Raphson solution of E—0.7sin E = 2.0. The
reference root is E. = 2.447683214 rad.

j E;j (rad) |Ej — E.| (rad) error ratio
0 2.000000000 4.4768 x 107! -
1 2492929991 4.5247x 1072 1.01x 107!
2 2448005625 3.2241x107* 7.13x 1073
3 2447683231  1.70x107®  5.27x107°
4 2.447683214 1.0x 10715 5.9x 1078
1071 8
o)
£ 10 ]
oy
I
E 10—11 - |
-16 | I I
10 0 1 2 3 4

iteration j

Figure 5. Newton-Raphson convergence for the data in Ta-
ble 1. The nearly vertical drop after the second iteration illus-
trates quadratic convergence.

7. Worked Numerical Applications

7.1. Earth—Sun orbit

Take
GMp = 1.3271244 x 102 m3s72, (115)
a = 1.4959787 x 10! m, (116)
e = 0.0167. (117)
The period from (64) is
P =2n v 3.1558 X 107 s = 365.26 . (118)
The perihelion and aphelion distances are
rp =a(l—e)=1.4710x 10" m, (119)
o = a(l+e)=1.5210 x 10'" m. (120)
The corresponding speeds from (80)—(81) are
vp =3.03%10* ms™?, (121)
U, =2.93% 10" ms™t. (122)

The fractional speed variation is only a few percent, but
it is essential for equal-area motion. The same calcu-
lation underlies the barycentric correction applied to
high-precision stellar radial velocities.

7.2. Hohmann transfer between circular orbits

A Hohmann transfer is the minimum-impulse coplanar
two-burn transfer between two circular orbits when im-
pulses occur tangentially at apsides. Let the initial and
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final circular radii be ry < ro. The transfer ellipse has

ap = ntr (123)
2
The circular speeds are
o=, /5, (124)
r1
s = | & (125)
p)

The transfer speeds at periapsis and apoapsis follow
from vis-viva:

2 1
Ug1 =M (Z - a—t)/ (126)
2 1
U2 = 4 [H (g - ﬂ_t) (127)
The required impulses are
Avy = vy — 0y, (128)
AUQ = U9 — U2, (129)
Aoy = Avq + Avs. (130)
The transfer time is half the transfer period:
3
b = 7y | . (131)
u

For a low Earth orbit with #; = 6678 km and a geo-
stationary radius ry = 42164 km, using ug = 3.986004 X
10° km?® s72, one finds

a, = 24421 km, (132)
vy = 7.73kms™?, (133)
vy = 3.07 kms™, (134)
vy = 10.15 kms™, (135)
Uip = 1.61 kms™. (136)
Thus
Av; =2.42kms™, (137)
Avy = 1.46 kms™!, (138)
Avyor = 3.88 kms™!, (139)
ty = 1.91x 10* s = 5.31 h. (140)

These values omit launch losses, finite-burn effects,
inclination changes, and atmospheric drag, but they
show how the conic solution becomes a practical engi-
neering tool.

7.3. Binary star mass determination

For a visual binary with angular semimajor axis a in
arcseconds, distance d in parsecs, and period P in years,
the physical semimajor axis in astronomical units is

a(AU) = a(arcsec) d(pc). (141)

outer circular orbit

Figure 6. Hohmann transfer between two circular coplanar
orbits. The transfer ellipse is tangent to the inner orbit at pe-
riapsis and to the outer orbit at apoapsis.

Using units in which G = 4n? AU? yr2 M3', Kepler’s
third law becomes

mp +my QS(AU)

Mo P 2(yr)

(142)

Suppose a = 0.50”, d = 20.0 pc, and P = 25.0 yr. Then

a =10.0 AU,
3

.0
WMG = 160M@

(143)

my + mg = (144)
If the barycentric semimajor axes are measured sepa-
rately and satisfy a1 /a2 = my/my, then the individual
masses follow. For example, if a; /a3 = 0.60, then

_ 1
~ 1+0.60
mo = OGOM@

(1.60Mo) = 1.00My,  (145)

(146)

miy

This is the fundamental route by which stellar masses
are measured. It anchors the empirical mass—
luminosity relation and the calibration of stellar evolu-
tion models [8, 9].

7.4. Exoplanet radial-velocity signal

The same barycentric motion is observed in exoplanet
searches as a periodic Doppler shift of stellar absorp-
tion lines [15]. For a planet of mass m,, orbiting a star
of mass m,, the stellar semimajor axis is

My

a, = (147)

—a.
My + My,

The observed line-of-sight velocity is the projection of
the stellar orbital velocity. Its semi-amplitude is

_ 2maysini

K="2" (148)
PV1 —e2
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where the factor (1 — ¢2)~1/2 accounts for the nonuni-
form velocity on an eccentric ellipse. Eliminating a with
Kepler’s third law gives

K= (2nG)1/3

mp sin i 1
(s +mp)2/3 T =2

When m,, < my,, this becomes the convenient scaling

.. -1/3
My, Sin 1 P
K=284ms |2 —
8.4ms ( M; )(1yr)

5 (149)

X -2/3 1
X (M_o) = 62. (150)

Here Mj denotes Jupiter’s mass. As a worked example,
take a hot Jupiter with

P =3.52474d, (151)
iy = 1.00Mo, (152)
e=0, (153)
mpsini = 0.69Mj. (154)
Since P = 9.650 x 1073 yr, (150) gives
K = 28.4(0.69)(9.650 x 107)™/3 =92 ms™.  (155)

This amplitude is easily detectable with precision spec-
trographs and explains why short-period giant plan-
ets were the first exoplanets discovered by the radial-
velocity method.

The same orbit has semimajor axis

Gm.p2\ /3

q = |22 =7.73%10° m = 0.0517 AU. (156)
4m?

If the stellar radius is Ry = 1.0Rp, the approximate ge-

ometric transit probability for a circular orbit is

Ry _ 6.96 x 10°

P = T3x109

= 0.090. (157)
Thus about 9% of randomly oriented systems with
this semimajor axis would transit. Keplerian geometry
therefore controls both the Doppler amplitude and the

probability that photometry will see an eclipse.

8. Extensions, Generalisations, and Obser-
vational Tests

8.1. Osculating elements

When a perturbing acceleration is present, the instan-
taneous state (r, v) can still be mapped to a Keplerian
conic using the same formulae for €, h, and e. The re-
sulting elements are called osculating elements because
the conic is tangent to the true path at that instant. If

(158)
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r= _”7’_3 + Qpert,
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Figure 7. Radial-velocity semi-amplitude for circular edge-
on planets around a solar-mass star. The Keplerian scaling
K « mpP_l/ 3 favors the discovery of massive short-period
planets.

then the angular momentum is no longer exactly con-
stant:

dh

E =rX Qpert - (159)
The energy changes at the rate

de

Fri V- Qpert- (160)
The eccentricity vector evolves according to

ert X+ v X (r X aper

de _ Gpen XhHvX(rXapen) gy

dt U
Equations (159)—(161) are compact vector forms of the
perturbation problem. They show immediately which
physical effects alter the size, shape, or orientation of
an orbit. A purely transverse thrust changes both en-
ergy and angular momentum efficiently, whereas a

purely radial perturbation changes the eccentricity vec-
tor without exerting torque.

8.2. Projection tests in binary and planetary systems

Keplerian dynamics makes several falsifiable predic-
tions. In a double-lined spectroscopic binary, the ratio
of radial-velocity amplitudes is the inverse mass ratio,

K1 Ny
- =—. 162
% - om (162)
The projected semimajor axes are
Ki\P ——
alsini: ? 1—62, (163)
KyP
aysini = % 1—e2, (164)

Adding the two and using Kepler’s third law gives
P(K; + Ky)?
2nG

If eclipses fix i = 90°, the masses become direct dynam-
ical measurements rather than model-dependent esti-
mates.

(1-¢2)32.  (165)

(m1 + I’HQ) Sil’l3 1=
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For transiting exoplanets, the stellar mean density
can be inferred from the scaled semimajor axis a/Rx
measured in the light curve. For a circular orbit with

3n ( a

mp < m*,
3
P+ =Gp2 R*) '

This relation is a powerful consistency check: the den-
sity inferred from the transit geometry must agree with
stellar models and spectroscopy, unless the orbit is ec-
centric or additional bodies perturb the timings.

(166)

9. Discussion

9.1. Assumptions and limits of validity

The derivation rests on a short list of idealizations. The
bodies are treated as point masses, gravity is Newto-
nian, no other masses exert forces, and the interaction is
instantaneous and conservative. Under these assump-
tions the two-body problem is exactly integrable. Real
astronomical systems are not exactly isolated. Planet—
planet interactions produce secular precession and res-
onances; extended bodies have quadrupole and higher
multipole moments; close binaries experience tides and
mass transfer; small bodies suffer radiation pressure,
Poynting-Robertson drag, and gas drag; compact bina-
ries emit gravitational waves [11].

Perturbations are often organized by writing the ac-
celeration as

. r
F=—pg + Qpert- (167)

The osculating elements are then the Keplerian ele-
ments of the instantaneous conic tangent to the true
trajectory. If @y, is small, the elements evolve slowly
compared with the orbital period. The Kepler problem
is therefore not discarded; it becomes the moving basis
for perturbation theory.

For a third body of mass mj3 at position 73 relative to
the primary, the leading tidal perturbation on a nearby
test particle with r < r3 has order

r
Atide ~ Gz —.
3

(168)

Relative to the central acceleration p/r?, the small pa-

rameter is 3
ms [T
Ntide ~ — | — | -

1
ny \rs ( 69)

This dimensionless estimate explains why Keplerian el-
lipses are excellent for planet-Sun motion over one or-
bit, yet long-term integrations are required for Solar-
System stability.

9.2. Relativistic apsidal precession

General relativity modifies the Schwarzschild two-
body problem by adding a small periapsis advance. To
leading post-Newtonian order the advance per orbit is

6mG(my + ms)

Awcr = a(l —e?)c?

(170)
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For Mercury, using a = 0.387 AU and e = 0.2056, this
gives

Awgr = 5.02x 1077 rad orbit™!. (171)
With about 415 orbits per century,
Awggr = 43" century ™!, (172)

the celebrated anomalous precession explained by Ein-
stein’s theory [3, 12, 13]. The smallness of (170) in the
Solar System reflects the ratio GM /(ac?) < 1. Around
neutron stars, black holes, and compact white-dwarf
binaries, the same correction becomes dynamically im-
portant.

9.3. Radiation reaction in compact binaries

For compact binaries the Newtonian ellipse is not sta-
tionary because gravitational waves remove energy and
angular momentum. Orbit-averaged radiation reaction
gives the classic Peters equations [11],

da _ 64 GP*mymy(my + ms)
dt 5 cBa3(l—e2)7/2
73 4 37 4)
><(1+24e +96€ , (173)
de _ _@eGZ)’mlmg(ml + ms)
dt 15 5gi(1 — e2)5/2
121 ,
x (1 +ooe ) (174)

Both a and e decrease for an isolated binary. The inspi-
ral is slow when the separation is large but accelerates
rapidly as a shrinks because da/dt o a~3 for small e.
This is the dissipative counterpart of the conservative
Kepler problem: at each instant the binary is nearly Ke-
plerian, but the constants of motion drift secularly.

9.4. Comparison with observations and modern de-
velopments

Keplerian dynamics is directly visible in planetary
ephemerides, visual binary orbits, spectroscopic binary
radial-velocity curves, and exoplanet transit timing. A
single-lined spectroscopic binary yields the mass func-
tion

_ 62)3/2

2nG

mg sin® i

- (m1 + mg)Ql

(175)

where K; is the radial-velocity semi-amplitude. This
relation is simply Kepler’s third law plus projection ge-
ometry. When eclipses or astrometry give i, individual
masses can be obtained.

In galactic dynamics the same inverse-square two-
body result is rarely applied without modification be-
cause stars move in the collective potential of many
bodies [10]. Nevertheless, local encounters, tidal dis-
ruption events, wide binaries, and stars orbiting the
Galactic-center black hole are all interpreted using Kep-
lerian elements as the leading model. In cosmology and
structure formation, gravitational dynamics becomes
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many-body and collisionless, but the Newtonian force
law remains the subhorizon limit for nonrelativistic
matter [16]. The Kepler problem is therefore both a
solved problem and a permanent building block.

10. Conclusion

Starting from Newton’s inverse-square gravitational
law, the two-body problem reduces exactly to the rela-
tive motion of a particle with reduced mass in a central
potential. Conservation of specific angular momentum
fixes the orbital plane and implies Kepler’s equal-area
law. Conservation of energy gives the vis-viva equation
and the relation € = —u/(2a4). The effective potential
identifies radial turning points and shows the stability
of circular orbits. The additional Laplace-Runge-Lenz
vector fixes the apsidal direction and yields the conic
orbit equation r = p/(1 + e cos v) directly. Bound orbits
are ellipses, parabolic trajectories have zero energy, and
hyperbolic trajectories have positive energy.

Kepler’s third law follows by combining constant
areal velocity with the area of an ellipse, giving P? =
4m%a? /[G(m1 + my)]. This total-mass dependence is es-
sential in binary-star astrophysics and exoplanet radial-
velocity work. The classical orbital elements provide
a compact geometrical description of a Keplerian or-
bit in space, while Kepler’s equation connects uniform
time evolution to position along the ellipse. Newton-
Raphson iteration solves this equation rapidly for or-
dinary eccentricities. Hohmann transfers, binary mass
measurements, and exoplanet Doppler amplitudes il-
lustrate how the same analytic framework serves space-
craft dynamics, stellar astrophysics, and planetary sci-
ence. Perturbations and relativity modify, but do not
replace, the Keplerian solution: the osculating conic re-
mains the natural reference state for celestial mechan-
ics.

A. Auxiliary Algebra for Elliptic Motion

This appendix collects algebraic steps that are often
skipped in compact presentations. Place the focus at
the origin and the major axis on the x-axis, with peri-
apsis in the positive x direction. The center of the el-
lipse is displaced by —ae from the focus, so an eccentric-
anomaly parametrization gives

x =a(cosE —e), (176)
y=0bsinE. (177)

The radius from the focus is therefore
r? = a*(cosE — e)? + b*sin? E, (178)
=a”[(cosE —e)® + (1 - e?)sin’E|, (179)
=a?(1—ecosE)% (180)

Taking the positive square root gives

r=a(l —ecosE), (181)
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which is (99).
The true anomaly satisfies x = r cosv and y = rsinv.
Equations (176)-(181) imply

a(cosE —e)
= — 182
cosv a(l—ecosE)’ (182)
avVl—e2?sinE
ny = ———. 183
sy a(l —ecosE) (183)
Dividing (183) by 1+ (182) in the usual half-angle iden-
tity gives
tan = = ——" :w/1+etan5. (184)
2  1+cosv 1-e 2

The area formula used in deriving Kepler’s equation
may also be verified directly. The area swept by the
focus-to-particle radius is

1 E dy dx ,
A(E) = 5/0 (xdE, - ydE,) dE’. (185)
Using
dx .
I —asinE, (186)
Y bcosE (187)
dE !
the integrand becomes
dy dx
X E Y =ab(l —ecosE). (188)
Therefore
ab [F ab
A(E) = 7/ (1—ecosE’)dE’ = ?(E—e sinE), (189)
0

as used in (105). Finally, since the total area is mab, the
fraction of the period elapsed is
t—t A(E) E-esinE
P mab  2n

(190)
which is equivalent to Kepler’s equation.

B. Rotation Matrices and State Vectors

The rotations in (95) and (96) may be written explicitly
as

cos¢ —sin¢g 0
R3(¢p) =|sing cos¢p 0], (191)
0 0 1
and
1 0 0
Ry(i) =10 cosi =—sini]|. (192)
0 sini cosi
The combined transformation
Q = R3(Q)R1(1)R3(w) (193)
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has orthonormal columns. Its first two columns are the
inertial components of the perifocal unit vectors p and
q:

cos QA cos w — sin Qsin w cos i

P =|sinQcos w + cos Qsin w cosi |, (194)
sin w sin 7
—cos Qsin w — sin Q cos w cos i
§g=|-sinQsinw + cos Qcos w cosi |. (195)

cos w sin i

Consequently the inertial position can be written with-
out matrices as

r =r(cosvp+sinvgG), (196)
and the inertial velocity as
v= \/g[— sinvp + (e + cosv)q]. (197)

These formulae are often the most convenient imple-
mentation of the mapping from orbital elements to
Cartesian initial conditions.
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