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Abstract. The proton—proton chain is the dominant source of solar luminosity and the paradigmatic example of ther-
monuclear burning in a weakly screened, non-degenerate stellar plasma. Its rate is controlled by the conjunction of
three facts: the Coulomb barrier is classically insurmountable at solar-core thermal energies, quantum tunnelling sup-
plies an exponentially small penetration probability, and the initiating reaction p+p — d+e* +v, is a weak interaction.
This paper gives a self-contained analytic treatment of the Gamow peak, the WKB tunnelling factor, the astrophysical
S-factor, Maxwell-Boltzmann averaging, and the reaction kinetics of the pp chain. We derive the barrier penetration
factor exp(—2mn), the form exp(-b/ E'/2) in Gaussian units, the saddle-point energy Eq = (bkT/ 2)2/3, and the width
A = 4(EgkT/3)1/2. We then connect these formulae to solar-core numerical scales, screening corrections, temperature
exponents, equilibrium abundances of deuterium and 3He, branch competition among ppl, ppll, and ppIIl, neutrino
spectra, and observational tests. The emphasis is on transparent derivations and physical interpretation.
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1. Introduction

The luminosity of a main-sequence star is ultimately a
nuclear-physics boundary condition imposed on a self-
gravitating plasma. Hydrostatic equilibrium fixes the
approximate central temperature, radiative and con-
vective transport set the thermal stratification, and nu-
clear reactions determine whether the star can maintain
quasi-static equilibrium for billions of years. For the
Sun, the central temperature is only about 1.5 x 107 K,
corresponding to a thermal energy near one kiloelec-
tronvolt. This is tiny compared with the electrostatic
repulsion of two protons at nuclear distances. The per-
sistence of solar burning is therefore a direct manifesta-
tion of quantum mechanics.

The historical development is well known but re-
mains pedagogically important. Eddington argued
that stellar luminosities require subatomic energy
sources [1]. Gamow introduced quantum penetration
of the Coulomb barrier [2], and Atkinson and Houter-
mans applied barrier penetration to stellar transmuta-
tion [3]. Bethe and Critchfield identified the proton—
proton reaction and its role in solar energy generation
[4]; Bethe then systematized hydrogen burning, includ-
ing the CNO cycle [5]. Modern treatments refine this
picture by including plasma screening, precise weak-
interaction matrix elements, radiative corrections, up-
dated solar composition, neutrino flavour conversion,
and helioseismic constraints [9, 12, 15].

The central conceptual issue is the Gamow peak.
The Maxwell-Boltzmann distribution supplies an ex-
ponentially small population of energetic ions, while
the Coulomb tunnelling probability rises exponentially
with energy. Their product has a sharp maximum at an
energy well above kT but far below the Coulomb bar-
rier height. This narrow window determines the ther-
monuclear reaction rate. For a non-resonant charged-

particle reaction the cross section is written as a slowly
varying astrophysical S-factor multiplied by a rapidly
varying exponential barrier factor. This separation is
one of the central simplifying ideas of nuclear astro-
physics.
The pp chain has an additional feature: its first reac-
tion,
p+p—od+e +v,, (1)

requires one proton to transform into a neutron. It is
therefore mediated by the weak interaction and is enor-
mously slower than ordinary strong or electromagnetic
nuclear reactions. This bottleneck is not an inconve-
nience for stellar evolution; it is the reason that stars
like the Sun live for billions of years.

This paper develops the analytic structure of the
problem. Section 2 establishes the physical assump-
tions. Sections 3-6 derive the Coulomb barrier, WKB
penetration factor, S-factor, and thermal average. Sec-
tion 7 derives the temperature sensitivity. Section 8 dis-
cusses controlled refinements, including screening and
non-constant S(E). Sections 9-10 describe the pp-chain
network and equilibrium abundances. Sections 11 and
12 give worked numerical estimates. Section 13 dis-
cusses observational tests, and an Appendix supplies
detailed algebra omitted from the main derivation.

2. Physical and Mathematical Framework

We consider a dilute, non-degenerate, weakly coupled
plasma in local thermodynamic equilibrium. The ions
have Maxwell-Boltzmann velocity distributions, and
nuclear reactions occur in binary encounters. For two
nuclei with charges Zie and Zse, masses m; and my,
and relative velocity v, the reduced mass is

miniy

p=— (2)

my 4+ my
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The center-of-mass kinetic energy is
L o
E = § Ho-. (3)

Throughout the tunnelling derivation we use Gaussian
cgs units, so the Coulomb potential is

(4)

Here e? has dimensions of energy times length. Numer-
ically,

e? = 1.440 MeV fm (5)
is a convenient hybrid unit identity.

A nuclear reaction rate per unit volume for species 1
and 2 is

_ mny
ri2 = 1+ 612<00>/ (6)

where n; are number densities and 612 prevents double-
counting identical reactants. The thermally averaged
reactivity is

(ov) = / o(v)vf(v)do. (7)
0
The relative-speed distribution is Maxwellian:

_ o B \3? _H_UQ
f(v)dv =4nv (—2nkT) exp( kT dv. (8)

Definition 1. A reaction is called non-resonant over the
Gamow window if all nuclear-structure dependence
varies slowly compared with the exponential Coulomb
and Maxwellian factors. In that case it is useful to intro-
duce an astrophysical S-factor.

The assumptions above are excellent in the solar
core. The plasma coupling parameter is small, electron
degeneracy is mild, and local thermal equilibrium is
maintained by Coulomb scattering on timescales vastly
shorter than nuclear timescales [10, 11]. A useful mea-
sure of ion coupling is

Z2e?
.= !
1—'l alkT ’ (9)
where the ion-sphere radius is
1/3
3
a; = (471”‘) . (10)
1

For solar-core protons, I'; is well below unity, so the
plasma is not a strongly coupled liquid. This justifies
treating Coulomb effects as perturbative screening cor-
rections rather than as a restructuring of the nuclear re-
action problem.

3. Coulomb Barrier and Classical Impossi-
bility

The Coulomb barrier height at a nuclear radius R is ap-
proximately
Z 1 Z 2€ 2

Ve(R) = R

(11)

V(r)

forbidden classically allowed

e
tunnelling region

R Te

Figure 1. Coulomb barrier for two charged nuclei in Gaussian
units. A particle of energy E has an outer classical turning
point r¢ = Z17Z9¢2 /E. Fusion requires penetration from r. to
a nuclear radius R.

For two protons, Z; = Z, = 1. Taking a characteristic
nuclear interaction radius

R =2 fm, (12)
one obtains
Ve(R) = % = 0.720 MeV. (13)
AtT =1.5x 107K,
kT = (8.6173 x 107 eVK ™ 1)T, (14)
so that
kT ~1.29x 10 eV = 1.29 keV. (15)
Thus Ve 720 keV )
T = Taoray = 00x10% (16)

A thermal proton pair is therefore short of the nominal
nuclear Coulomb barrier by almost three orders of mag-
nitude in energy.

The classical turning point for a collision energy E is
defined by V(r;) = E:

Z179e*
Te = : E2 (17)
For pp collisions at E = 6 keV,
1.440 MeV fm
Ye = W = 240 fm. (18)

This is roughly two orders of magnitude larger than the
range of the strong nuclear force. Classically, a proton
pair with solar-core energy turns around long before it
can experience the attractive nuclear interaction.

The physical conclusion is immediate: hydrogen
burning in the Sun cannot be explained by clas-
sical over-barrier collisions. Even the high-energy
Maxwellian tail is insufficient if classical contact is re-
quired; the probability of finding particles at E ~ 0.7
MeV in a kT =~ 1.3 keV gas is proportional to exp(—560).
Quantum tunnelling is indispensable.
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4. WKB Penetration Factor

For a one-dimensional barrier, the WKB transmission
probability is approximately

P ~exp [—2 /72 x(r) dr] , (19)
where )
x(r) = = [2y{V(r) - E}]l/z. (20)

For charged-particle fusion, the forbidden region ex-
tends from the nuclear radius R to the outer turning
point r.. Neglecting R relative to . gives the dominant
exponential. Thus

Te 2
P(E) ~ exp —%/R \/Qy(@—lf)dr .1

Let

a = 212262. (22)
Since r. = a/E, write
r=T10X, dr = r.dx. (23)
Then
a 1
——E=E(——1), 2
- (24)

p
Te 1 _

/ 1/ﬂ—Edr:rCElﬂ/ JE T (25)
R r R/re x

For R/r. <« 1 the lower limit may be set to zero:

1
Iy = / x7H2(1 = x)Y2 dx. (26)
0

With x = sin? 6,

/2
Iy = / 2cos? 0.d0, (27)
0

1. T2 q

= [6+§sm29]0 =3 (28)
Therefore
Te
/ y2u (5 —E)ar=yaurE T, (@9)
0

_ma [2u

=S\E: (30)

Substitution into (19) yields

na |2u
P(E) = exp l—7 ? . (31)
The Sommerfeld parameter is defined by
2

hv

Using v = (2E/u)"/?, one finds

_ 27'(Z1Z2€2 1% _ 7'CZ1Z2€2 2[1
=N~ % Vg &

Hence
P(E) =~ exp(—2mn). (34)

Definition 2. In Gaussian units define

n\/@zlzgﬁ
b= T

(35)
Then the Gamow penetration factor is
b
exp(—2mn) = exp “Fiz) (36)

The dimensions of b are energy'/?, provided E is mea-
sured in the same energy units used in the exponential.

A finite nuclear radius corrects the exponent by
terms of order (R/r.)'/2. These corrections are usually
absorbed into the slowly varying nuclear factor. The
key point is that Coulomb physics contributes a univer-
sal exponential dependence on E~1/2.

5. Astrophysical S-Factor

For non-resonant charged-particle reactions, the cross
section is conventionally written

o(E) = S(EE) exp(—2mn). (37)
Equivalently,
S(E) = o(E)E exp(2mn). (38)

The factor 1/E represents the geometrical and de
Broglie scaling of the entrance channel, while
exp(—2mn) isolates the Coulomb suppression. The
residual function S(E) contains nuclear matrix ele-
ments, spin factors, electromagnetic or weak transition
amplitudes, and short-range strong-interaction effects.

For a slowly varying S(E), expand near zero energy:

S(E) = S(0) + ES’(0) + E;s"(o) Foe o (39)

The non-resonant approximation takes
S(E) = S(Eo) = 5(0) (40)

over the Gamow window. This is often accurate for the
pp reaction because the relevant energies are only a few
keV, far below nuclear excitation scales. In resonant
reactions, by contrast, S(E) may vary rapidly and the
saddle-point treatment must be modified.

Remark 1. The pp reaction has an exceptionally small
S-factor because the transition is weak. A representa-
tive modern value is S11(0) =~ 4.01 x 10722 keV barn
[12]. Strong charged-particle reactions typically have
S-factors many orders of magnitude larger.
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It is useful to state explicitly what is hidden in S(E)
for the pp reaction. At the shortest distances the two
protons must be in a two-body scattering state with the
correct spin and orbital quantum numbers to match the
deuteron after one proton undergoes beta conversion.
Symbolically, the weak matrix element has the struc-
ture

Mpp < GF (dlOcrlpp), (41)

where Gr is the Fermi constant and Ot denotes the
dominant Gamow-Teller axial operator. The overlap in
(41) is short-ranged, whereas the Coulomb wave func-
tion determines the probability that the protons reach
short separation. This separation of scales is precisely
why the cross section can be factorized in the form (37).

6. Maxwell-Boltzmann Averaging and the
Gamow Peak

Starting with (7), transform from v to E. From (3),

1/2
o=(2E)", a=—9F (42)
P (2uE) P

Substitution into (8) gives the energy distribution

2 E2 E
Therefore
) 1/2
o) = [ ote) (%) fe(E)dE, (44)

_ (8 2 . —E/KT

Using (37),

s\'* 1 © .
(av):(ﬁ) W/o S(E)e™®B)dE,  (46)

where

E b

The integrand is the product of a decreasing Maxwell
factor and an increasing tunnelling factor:

exp[—D(E)] = exp (—%) exp (—%) . (48)

The maximum occurs where

a1 b

E_ﬁ_ﬁz(). (49)

Solving for E gives the Gamow peak energy

2/3
Eo = (kaT) . (50)

0 ——  Maxwell exp[-5x]
10 . |
tunnelling exp[—10/vx]
— ——  product, normalized
g Lo
& 10
e}
=
S
3] 10—6
107° -
1 2 3 4 )
X = E/Eo

Figure 2. Gamow peak from the product of the Maxwell fac-
tor and tunnelling factor. The example uses Eq/kT = 5, so

that b/ Eé/ 2 =10and 7 = 15. The product is normalized to
unity at E = Eg.

At the saddle point,
b 2E,
— =0 (51)
Eé/Q kT
Thus the exponent at the peak is
_3Ep _
D(Ey) = T = T. (52)

The dimensionless quantity 7 is often called the Gamow
exponent.

The curvature at the saddle point is

- 1
®"(E) = YTEER (53)
Using (51),
” _ 3
D"(Eg) = SET (54)
The quadratic expansion is
1
D(E) ~ 7+ 5" (Eo)(E — Eo)®. (55)
It is conventional to write
4(E — E)?
exp[—®(E)] = exp(—1) exp [—%} . (56)
Comparison with (55) gives
1/2
A:4(EO?Z(T) . (57)

If S(E) is approximated as constant, the Gaussian in-
tegral gives

1/2 )
E 2 2
(60) 2( 8 ) S(Eo) e—’l’/ e~ ME-EoP/A* 4E - (58)

mu) TP
(8)\? S(E) _.V=
_(H) e 5 A (59)
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Using (57),

1/2 1/2
32 S (EO)EO _r
<GU> = (@) T@ . (60)
This compact expression is the analytic heart of non-
resonant thermonuclear reaction theory. The dominant
temperature dependence lies in © = 3Ey/kT, while

Ey o T?/3 contributes a weaker power-law factor.

7. Temperature Sensitivity

For a non-resonant reaction with slowly varying S,
equation (60) implies

(00) o« T Eg/%e ™. (61)
Since
Eo o T3, (62)
we have
TE)? o T2/3, (63)
Also,
7= ?;(—]fjro oc T7Y3, (64)

Define the local temperature exponent

_ dIn(ov)
V= T (65)

Taking the logarithm of (61),

In{ov) = const — glnT —T. (66)
Because e .
dnT ~ 3’ (67)
we obtain 5 1 c_o
v=-3 + 353 (68)

This exponent describes the charged-particle part of
the temperature dependence. In realistic stellar mod-
els additional composition, screening, branching, and
weak-interaction factors modify the effective exponent.
Near solar-core conditions the pp-chain luminosity gen-
eration is often approximated as

€pp o pX°T, (69)
whereas the CNO cycle behaves roughly as
ecno o« pXXeno T, (70)

The contrast is physically decisive. The pp chain is ther-
mally gentle, allowing broad stable burning cores in
solar-mass stars. The CNO cycle is much more centrally
concentrated and dominates in hotter, more massive
main-sequence stars.

A more differential view is obtained by retaining the
T~'/3 dependence of the Gamow exponent instead of

I I
200 | —— pp0<T4 |
—— CNO «x T?°
@ 150]
s
[¢F]
2 100|
[¢]
v
50
| | |

0708 09 1 L1 1.2 13
T/T,

Figure 3. Local power-law temperature sensitivities near
solar-core conditions. A modest 10% temperature increase
changes a T* pp rate by a factor 1.46, but a T?? CNO rate by
a factor 6.7.

——  pp barrier
—— CNO-like barrier
. 20 g
-
=
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=
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Figure 4. Temperature-dependent logarithmic slopes from
the non-resonant saddle expression. The pp curve uses 7o =
13.7, while the CNO-like curve illustrates a larger Coulomb
exponent.

replacing the rate by a fixed power law. If 75 denotes
the value at a reference solar temperature T, then

T -1/3
©(T) = 10 (E) . (71)
The corresponding local logarithmic slope is
-1/3
_ 2 To T
v(T) = 3t 3 (To) . (72)

Thus a single power law is only a local tangent to the
true non-resonant rate. This distinction is minor over
the narrow range of temperatures in the solar core but
important when comparing low-mass stars, solar mod-
els, and hotter CNO-dominated stars.

8. Refinements to the Saddle-Point Rate

The derivation of (60) isolates the dominant exponen-
tial physics. Precision solar work, however, requires
several small but conceptually important corrections.
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The first is the variation of S(E) across the Gamow win-
dow. Define the dimensionless logarithmic slope

s _dlnS
Y7 4E

. (73)
Eo
Across a symmetric Gaussian window the term linear
in E — Ey integrates to zero, but it shifts the effective
saddle slightly. To first order the shifted maximum sat-
isfies

@'(E,) = s;. (74)
Expanding about Ej gives

S1 _ 2E0kT

E.—Eo = =
O @(Ep) 3

S1. (75)

For pp fusion, Ey is only a few keV and S(E) varies on
nuclear energy scales, so (75) is very small.

The second correction is plasma screening. In a
weakly coupled plasma, electrostatic correlations lower
the entrance-channel energy by an amount approxi-
mately equal to the screened potential energy at the ori-
gin. The Debye length is

1/2

kT , (76)

Ap = |————
P [ 4re? % n]-Z].2

where the sum includes charged plasma species with
the appropriate thermal response. The weak-screening
energy for reactants 1 and 2 is

- Z1Z2€2

UQ /\D

(77)
If U, < kT, the thermally averaged rate is multiplied
by the Salpeter factor

U,
ch = exp (ﬁ) . (78)

This correction is modest in the Sun but has a coherent
effect on all charged-particle rates.

A third refinement is the electron-capture nature of
some branches. The "Be destruction rate by electron
capture is not a two-ion thermonuclear rate. A conve-
nient schematic form is

Fre = AzeY7, (79)

where A7, depends on the electron density, temper-
ature, ionization state, and continuum electron wave
functions. Branch competition between ppll and ppIIl
is therefore governed by the ratio

Fﬁ _ pNaYp(ov)7p

80
F7e /\76 ( )

This ratio increases with temperature because proton
capture is a charged-particle process, whereas electron
capture has a much weaker temperature dependence.

Finally, the stellar structure response couples local
nuclear rates to global observables. The luminosity con-
straint requires

Mo
L, = / e(m)dm, (81)
0

so a perturbation in one rate is partly compensated by
small changes in the temperature profile. This self-
regulation is why the total pp neutrino flux is more
tightly constrained by the solar luminosity than the
more temperature-sensitive ®B flux.

9. Reaction Kinetics of the Proton—Proton
Chain

The pp chain converts four protons into one alpha par-
ticle:
4p — *He + 2e* +2v, + Q. (82)

The atomic mass difference gives
Qot = 26.73 MeV. (83)

However, neutrinos escape the Sun essentially freely, so
the thermal energy deposited is

Qneat = 26.73 MeV — (E))pair- (84)

The average neutrino loss depends on the branch, be-
cause pp, pep, 'Be, and ®B neutrinos have different
spectra.

The primary reactions are listed in Table 1. The initi-
ating step is either pp or pep:

p+p—od+et +v,, (85)

p+te +p—od+v,. (86)

The pep reaction is much rarer but produces monoen-

ergetic neutrinos.

Let Y; = n;/(pNa) be abundance per baryonic mass
unit, where N4 is Avogadro’s number. Define rate co-
efficients

)\1']' = pNA<OZ)>,'j (87)

for two-body reactions between distinct species. For
identical species, the reaction flow per mass is

1
Fii = §PNAY1'2<UU>1'1‘- (88)
For distinct species,
Fij = pNAY;Yj(0v);j. (89)

A minimal pp network for p, d, 3He, “He, "Be, and
"Li has the schematic abundance equations

4,

= = Eop + Fpep — Fay, (90)
dY:
d_f,‘?’ =F,jp—2P33—F34, (91)
dY,
-1 = F33 + 2F7Lip + 2F8Be/ (92)

dt



The Gamow Peak, Quantum Tunnelling Probability and the Reaction Kinetics of the p-p Chain.:...

Nuclear Astrophysics

Table 1. Principal pp-chain reactions and representative Q values. Energies are total reaction Q values; neutrino energy is not

fully deposited as heat.
Reaction Branch or role Q value
p+p—od+et +v, initiation 0.420 MeV
p+te +p—d+v, pep initiation 1.442 MeV
d+p — > He+y deuterium burning 5.493 MeV
3He +3He — ‘He +2p  ppl 12.860 MeV
3He + ‘He —» "Be+y  ppll/pplll entry 1.586 MeV
"Be+e” — "Li+ v, ppll 0.862 MeV line dominant
Li+p — 2%He ppll completion 17.347 MeV
Be+p - B+y pplll entry 0.137 MeV
5B — ®Be' + et + v, ppll neutrino source endpoint near 14 MeV
$Be* — 24He pplll completion prompt breakup

,. PPl
3He + *He
‘He + 2p

3He + He
Be+y

ppll pplll
"Be+e” Be+p
Li+v SB+y
Li+p v

24He 24He

Figure 5. Flowchart of the three pp-chain branches. The ppl
branch terminates through 3He + 3He, while ppIl and pplII
proceed through “Be. The pplIl branch is rare in the Sun but
produces high-energy 8B neutrinos.

N
Frke F34 — F7¢ = Frp, (93)
dYqr,;
d;L = Fre — Fruip. (94)

Here Fp, includes the weak pp reaction, F;, denotes
d +p, F33 denotes He + 3He, and F34 denotes *He + *He.
The pplll path requires F7, followed by ®B beta decay
and ®Be breakup; because these latter steps are rapid,
they can often be eliminated algebraically.

The deuterium abundance reaches equilibrium
rapidly because deuterium is destroyed electromag-
netically by d + p once it is made. Setting (90) to zero
gives

Fap = Fpp + Fpep. (95)

The corresponding deuterium equilibrium abundance
is
Fyy +F
PP pep
Yy ————. 96
d PNAYp(00)ap (%)

The equilibration time is approximately

tg ~ (pNAYp<O'U>dp)_1 . (97)

In the solar core this is of order seconds to years de-
pending on the precise local conditions, but always neg-
ligible compared with stellar-evolution times.

The *He abundance equilibrates more slowly. Setting
(91) to zero gives

Pdp = 2F33 + Fa4. (98)
If ppl dominates so that F34 < F33, then
1 1
F33 = EPdp =~ §Ppp' (99)
Using (88),
1 9 1
5PNAY3 (O'U>33 =~ §Fpp- (100)
Thus
Fpp :|1/2
Y3 | ———— 101
° [PNA<UU)33 (101)

The 3He equilibration time is much longer than the deu-
terium time, typically millions of years in solar condi-
tions. This is still short compared with the solar age
over much of the core, but not everywhere in the outer
pp-burning region.

A useful linearized estimate of the 3He relaxation
time follows by perturbing (91) about equilibrium. If
F34 is neglected and F,, is treated as fixed, then

dY-

d_tg = Fpp = PNAY32<UU>33- (102)
Writing Y3 = Y3 oq + 0Y3 gives

doYs = 0Y;
TR (103)
where
-1
ts = [2pNaYseq(00)33] - (104)

This timescale matters because it controls how rapidly
a solar model forgets its pre-main-sequence nuclear his-
tory in the *He abundance profile.
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Figure 6. Representative solar pp-chain branch fractions. The
pplbranch dominates, pplIlis substantial, and ppIllis rare but
produces the high-energy B neutrino spectrum.

10. Branches, Energetics, and Neutrinos

The three branches are distinguished by the fate of *He.
In ppl,

*He + *He — *He + 2p. (105)
In ppll, *He captures an alpha particle:
3He + ‘He — Be + y, (106)
followed by electron capture,
Be+e” — Li+v,, (107)
and proton capture,
Li+p — 2He. (108)
In pplll, "Be instead captures a proton:
Be+p - B+y, (109)
and ®B beta decays:
5B — 5Be' + et +v,. (110)
The excited ®Be promptly splits:
8Be* — 21He. (111)

In the present Sun, standard solar models give
roughly

Fopt = 0.69, (112)

and
foptr + fpprr = 0.31,

with pplll much smaller than ppll by number of termi-
nations. Nevertheless, pplll is observationally crucial
because it produces high-energy neutrinos detectable
in water Cherenkov experiments.

(113)

The solar neutrino spectrum is a sum of continuous
beta spectra and nearly monoenergetic lines. The pp
neutrinos have a continuum endpoint near

EJeY ~0.420 MeV.

v,pp

(114)

—— pp continuum
é I ——  T"Beline
o) .
o pep line
2 8B continuum
-
=
)
=
© 0.5 7
-
(4}
&
]
<
o)
@
O L | | | | | |
0 2 4 6 8 10 12 14

E, (MeV)

Figure 7. Schematic solar neutrino spectrum. The vertical
features represent line neutrinos; the continuous curves show
idealized beta spectra normalized for visibility, not actual flux
magnitudes.

The pep neutrino line is at

Ey pep = 1.44 MeV. (115)
The dominant “Be line is
E, 75e = 0.862 MeV, (116)

with a weaker line near 0.384 MeV. The ®B continuum
extends to approximately

EJSE = 14 MeV. (117)

The solar neutrino problem arose because early radio-
chemical and water Cherenkov experiments observed
fewer electron neutrinos than predicted by standard so-
lar models [9]. The resolution is neutrino flavour con-
version. The Sudbury Neutrino Observatory measured
charged-current, neutral-current, and elastic-scattering
channels and demonstrated that the total active ®B neu-
trino flux agrees with solar models while the electron-
neutrino component is depleted [13, 14]. Thus the pp-
chain theory was not fundamentally wrong; neutrinos
change flavour during propagation through the Sun
and vacuum.

11. Worked Numerical Applications
For pp fusion, y ~ my, /2. In energy units,
pc? = 469 MeV. (118)

A widely used expression for the Gamow energy is

Eg =2uc*(naZ,Z,)?, (119)
where a = e2/hc. Since
/2
b Ec\'
Se®)
we have
b=EJ” (121)
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For pp,

Eg =~ 493 keV. (122)

AtT =1.5x 107 K, kT = 1.29 keV. Equation (50) gives

g2
Ey=|-& , (123)
2
1/2 2/3
_ [(493 keV)/2(1.29 keV)} , (124)
2
~ 5.9 keV. (125)
The Gamow exponent is
3E,  3(5.9)
T T a9 S BT (126)
The Gaussian width is
1/2
A=4 (g) , (127)
1/2
=4 (%) keV, (128)
~ 6.4 keV. (129)

Although A is comparable to E, the saddle approxima-
tion captures the dominant exponential and gives good
physical intuition.

The local exponent from (68) is

13.7-2
Vpp,barrier = 3 ~3.9.

(130)

This explains the familiar solar-model scaling €, « T4,
For comparison, consider a representative CNO bot-
tleneck reaction such as
“UN+p—>P0+y, (131)
with Z1Z, = 7and p ~ 14m;/15. The Gamow energy
is much larger:

Ec o u(Z1Z2)>. (132)

The larger Coulomb charge raises Eq and 7, giving an
effective exponent near

VeNO = 18 — =22 (133)
under solar-core conditions. This is the analytic origin

of the statement that CNO burning behaves approxi-
mately as T2° near the Sun.

We can also estimate the classical turning point at the
pp Gamow peak:

_ 1440 MeV fm

- 220NV M o4 .
"¢ = 70,0059 MeV m

(134)
Thus the pair tunnels over hundreds of femtometres be-
fore reaching the nuclear scale. The barrier height at 2
fm remains

Ve = 720 keV, (135)

so the Gamow peak lies at

Lo 8.2 x 1073,

o (136)

Fusion is deeply sub-barrier.

The net solar luminosity fixes the total helium pro-
duction rate. Since

1 MeV = 1.602 x 1075 erg, (137)
the gross pp-chain energy release is
Qtot = 26.73 MeV = 4.28 X 107° erg. (138)

Ignoring the modest branch-dependent neutrino sub-
traction for an order-of-magnitude estimate, the num-
ber of completed chains per second needed to power
the Sun is

_ Lo _ 3.83x10%
" QOheat  4.0x107°

Each completed chain consumes four protons, so

N, ~9.6%x10%" 571,

(139)

N, ~3.8x10% 57", (140)

The corresponding mass conversion rate is of order

M = 4m,N, ~6.4x 10" gs™!, (141)

while the actual mass-energy loss rate is
Lo L 43x102 g5 142
= =4 gs . (142)

The difference reflects that only about 0.7% of the rest
mass is converted into energy.

12. Additional Worked Example: Screening
and Neutrino Flux

As a concrete refinement, estimate the weak-screening
enhancement and the neutrino flux implied by the solar
luminosity. Take representative central values

T, =1.55x 10" K, pe =150 gem ™2, (143)
and adopt approximate mass fractions
X. =034,  Y.=0.64. (144)

The proton and helium number densities are then

X
ny, = 22, (145)
mp
150034) s
~ 1673 x 1022 ~3.0x 10 cm™°, (146)
Y, 5
Mg = P8 2 1.4%10% em™2. (147)

4dmy,
For a fully ionized hydrogen—helium mixture, a simple
estimate of the charge-weighted density is

Z n]-ij = N, + 1y + 4. (148)

]
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Charge neutrality gives
Me =1y + 21, ~ 5.8 x10%° cm™?, (149)

so that
D niz2 =145 % 10% cm ™.

]

Using (76), with kT, ~ 2.14 X 107 erg and e? = 2.307 X
10719 erg cm, gives

(150)

Ap = 7.1x 107 cm. (151)
This is much larger than nuclear dimensions:
Ap 4
—— =~ 3.6 x10". 152
5 3.6x10 (152)
The screening energy for pp fusion is therefore
2
U, ~ —, 153
~3.25x 107" erg ~ 20 eV. (154)

The enhancement is

20 eV

fsc = exp (

Thus weak screening changes the pp rate by only about
1.5% in this simple estimate, although the exact solar-
model correction depends on the local composition and
thermodynamic treatment.

The luminosity constraint also gives a simple neu-

trino count. Each completed pp chain produces two
neutrinos, so (139) implies

N, ~ 2N, ~1.9x 103 s7%. (156)
At one astronomical unit,
de = 1.496 x 10*® cm, (157)

the luminosity-constrained all-branch neutrino flux is
approximately

N,

N , 158
e 4md3 (158)
1.9 x 1038
~ 1
471(1.496 x 1013)2’ (159)
~6.8% 100 cm™2s71, (160)

This number is close to the scale of the standard solar
pp-neutrino flux. The agreement is not accidental: low-
energy pp neutrinos are tied to the observed photon
luminosity by energy conservation, with only modest
dependence on branch details.

As a final unit check, the photon luminosity observed
at Earth corresponds to a solar constant
_ Lo
4md2

Fo ~1.36 x 10% ergem ™27, (161)

10

Dividing by the neutrino number flux gives an energy

scale
Fo
‘I)v,ea

which is the expected photon energy released per emit-
ted neutrino to within the approximations made. This
provides a compact consistency check linking nuclear
energetics, solar luminosity, and neutrino astronomy.

~2.0% 1075 erg =~ 12.5 MeV,

(162)

13. Extensions, Generalisations, and Obser-
vational Tests

The Gamow-peak method applies far beyond pp fusion.
For any non-resonant charged-particle reaction, the re-
placements

2129 — ZiZj, t— Wij (163)
give the corresponding Coulomb scale. In convenient
form,

Eg,ij = 2uijc*(naZ;iZ;)?, (164)
and the saddle energy may be written as
2/3
(Ec,ij)"/2kT
0if = | (165)

This expression explains why successive burning stages
require higher temperatures: larger charges increase
the Coulomb exponent even when the thermal energy
grows.

A useful example is helium burning. The triple-
alpha process is not a simple two-body non-resonant
reaction; it proceeds through the unstable ®Be reso-
nance and the Hoyle state in >C. Nevertheless, the
same competition between Maxwellian suppression
and Coulomb penetration controls the entrance chan-
nels. Resonances modify the integral by replacing the
slowly varying S(E) assumption with a sharply peaked
nuclear factor. For a narrow resonance at E,, the rate is
controlled by the Boltzmann factor

E
T3 exp (-], 166
(o), T2 exp - (166)
rather than by the non-resonant Gamow saddle. Thus
the pp chain is the cleanest case, not the most general
one.

The pp chain can be tested observationally in several
complementary ways. First, helioseismology measures

the sound speed
2 ~ L (167)
p
through solar acoustic oscillations. Since the pressure
and density profiles depend on the temperature profile
and composition, helioseismology strongly constrains
solar models that also predict nuclear reaction rates.
Second, solar neutrino experiments observe individ-
ual branches. Low-energy pp neutrinos test the lumi-
nosity constraint and the weak pp matrix element. The
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"Be line tests the ppll branch, and the ®B continuum
tests the high-temperature tail of the core. A schematic
sensitivity hierarchy is

Dyp ~ Tc_lf Drpe ~ Tclo, Dgp ~ TC20_25, (168)

where the negative exponent for @, reflects the lumi-
nosity constraint rather than the local pp reaction law.
Borexino has measured pp-chain neutrinos at low en-
ergy, while SNO established the active-flavour total for
8B neutrinos [13, 14, 16].

Third, the solar composition problem provides an
astrophysical stress test. Modern spectroscopic abun-
dance determinations lowered the inferred heavy-
element abundance, changing opacities and the core
temperature required by solar models [15]. Because
(168) amplifies small thermal changes into large ®B flux
changes, neutrino data help discriminate among opac-
ity, abundance, and mixing assumptions.

Finally, the pp chain illustrates a broader princi-
ple relevant to stellar populations. Low-mass main-
sequence stars burn hydrogen mostly by the pp chain
and develop radiative cores or deep convective en-
velopes depending on mass. More massive stars, with
hotter centers, burn primarily by the CNO cycle and of-
ten have convective cores because their luminosity gen-
eration is concentrated. The microscopic Coulomb ex-
ponent therefore influences macroscopic stellar struc-
ture across the Hertzsprung-Russell diagram.

14. Discussion

The analytic treatment above rests on controlled ap-
proximations. First, the WKB derivation assumes a
pure Coulomb potential outside a sharply defined nu-
clear radius. Real nuclear potentials have finite range,
spin dependence, exchange effects, and channel cou-
pling. These alter the slowly varying part of the cross
section and hence are incorporated into S(E). The ex-
ponential Coulomb factor remains robust because it is
generated mainly at radii much larger than the nuclear
scale.

Second, the Maxwell-Boltzmann average assumes a
non-degenerate thermal ion distribution. In the solar
core this is well justified. In compact objects or dense
late-stage burning environments, degeneracy, strong
screening, and pycnonuclear effects may invalidate the
simple thermal formulation.

Third, the Gaussian approximation assumes a suf-
ficiently narrow Gamow window and slowly varying
S(E). It is asymptotic rather than exact. It fails near
narrow resonances, thresholds, or subthreshold states
whose tails dominate the reaction rate. In those cases
the full integral (46) must be evaluated with experi-
mentally or theoretically determined S(E).

Fourth, plasma screening modifies the Coulomb bar-
rier. In weak screening the rate is multiplied approxi-

mately by
foc = exp (%) , (169)
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where U, is an electrostatic screening energy. Salpeter’s
weak-screening theory provides the standard first cor-
rection [6]. In the Sun, screening changes pp rates by
only a few percent, but precision solar-neutrino predic-
tions must include it.

The weak-interaction bottleneck deserves emphasis.
If the first pp reaction were governed by the strong in-
teraction, the solar luminosity and lifetime would be
radically different. Instead, the pp reaction rate is small
because it requires beta conversion inside the brief tun-
nelling encounter. The deuterium reaction d + p —
3He + y is electromagnetic and therefore fast once deu-
terium exists. This separation of timescales creates the
small equilibrium deuterium abundance and stabilizes
hydrogen burning.

The pp-chain branch fractions are temperature de-
pendent. Increasing temperature favours 3He + *He rel-
ative to *He + 3He and also enhances "Be + p relative
to electron capture. Consequently hotter solar mod-
els produce more ®B neutrinos. This made the histor-
ical solar neutrino problem especially sharp: the high-
energy ®B flux is a sensitive thermometer of the solar
core.

The resolution by SNO is one of the cleanest con-
firmations of both stellar nuclear physics and beyond-
minimal neutrino physics. Charged-current reactions
measured primarily v,, while neutral-current reac-
tions measured all active flavours. The observed to-
tal active flux agreed with standard solar model ex-
pectations, whereas the electron component was re-
duced [13, 14]. Matter-enhanced Mikheyev-Smirnov—
Wolfenstein flavour conversion and vacuum mixing
now form the standard interpretation.

The pp chain also illustrates how microscopic expo-
nential sensitivity coexists with macroscopic stellar self-
regulation. A local increase in temperature raises the
nuclear energy generation rate, causing expansion and
cooling in a hydrostatic star. The relatively mild T* de-
pendence of pp burning makes solar-mass stars stable
and long-lived. In contrast, CNO burning’s steep tem-
perature dependence produces more centrally concen-
trated luminosity and contributes to convective cores in
more massive main-sequence stars.

15. Conclusion

The Coulomb barrier for two protons at nuclear dis-
tances is roughly 0.7 MeV, whereas the solar-core ther-
mal energy is only about 1.3 keV. Classical fusion is
therefore impossible in the Sun. The WKB approxima-
tion gives the quantum penetration factor exp(—2nn) =
exp(-b/E*/?), where b = m+2uZ1Z5e? /1 in Gaussian
units. Factoring this universal barrier dependence from
the cross section defines the astrophysical S-factor.

Thermal averaging over a Maxwellian plasma pro-
duces the Gamow peak. The exponent E/kT + b/E'/?
has a saddle at E, (bkT/2)?/3 and width A
4(EokT/3)'/2. The resulting rate has local temperature
exponent v = (t — 2)/3, with 7 = 3E/kT. For pp burn-
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ing near solar conditions this gives v =~ 4, while the
larger charges of CNO reactions yield exponents near
20.

The pp chain is controlled not only by tunnelling but
also by weak interaction physics. The initiating reac-
tionp +p — d+ e + v, is the bottleneck that per-
mits the Sun’s long lifetime. Deuterium equilibrates
rapidly, 3He equilibrates more slowly, and branch com-
petition among ppl, ppll, and pplll determines neu-
trino production. The net energy release is 26.73 MeV
per helium nucleus before neutrino losses. Solar neu-
trino measurements, especially SNO’s neutral-current
result and low-energy pp-chain observations, verify the
nuclear energy source while revealing neutrino flavour
oscillations.

A. Finite-Radius Coulomb Integral

The leading WKB exponent used in Section 4 sets the
lower limit R/r. to zero. The exact Coulomb integral
with a finite nuclear radius is still elementary. Define

R _RE

17
R== (170)
The dimensionless integral is
1
I(xr) = / S (171)
XR x
Using x = sin® 0 gives
/2
I(xR) =/ 2cos? 0.d0, (172)
Or
where
Or = arcsin Vxg. (173)
Therefore
T 1 .
I(xR) = 5 - Or — 5 SIH(QQR). (174)
Since
sin(20Rr) = 2vxr(1 — xgr), (175)
the exponent becomes
24/2
Gr(E) = 1B T(xg). (176)
The zero-radius Gamow exponent is
_2mn ma [2u
GoE)=—"=5+F" (177)
Thus G )
R _ 2I(xgr
—-— = . 178
Go - (178)
For xg <« 1,
312
Or = x* + —=, (179)

12

Nuclear Astrophysics
and
312
Var(l = xg) = x/% ~ % (180)
Substitution in (174) gives
312
Tt 1/2 R
~— -2 <R
I(xRr) T 3 (181)
Consequently,
4 172 2 312
QR = QO [1 — EXR + 3—an ] . (182)

For pp fusion at the Gamow peak, R/r. ~ 2/244, so the
square-root correction to the exponent is formally near
the ten-percent level. In practice the exact matching to
the nuclear wave function and the definition of S(E) ab-
sorb this short-distance sensitivity; the universal, long-
distance Coulomb dependence is the part retained in
the Gamow factor.

B. First Correction from a Slowly Varying S-
Factor

Let

S(E) = S, [1+s1(E—E0)+ %(E—EOF . (183)

where s; and s, are evaluated at E; and have dimen-
sions of inverse energy and inverse energy squared. In
the Gaussian approximation define

4

y=E—-Ey, Azﬁ. (184)
The relevant integral is
T =S5pe™" / (1 +51y + %23/2) ey,  (185)
The odd term vanishes:
/ ye 4y = 0. (186)
The remaining Gaussian moments are
o0 ) 1/2
/ e AV qy = (%) , (187)
DO 2 1 m\1/2
2,-Ay - (_)
/_Ooye dy 5a (7 . (188)
Hence 12
(T 52
= = 1+—1. 1
T=Se(Z) 1+ 2 (189)
Using A = 4/A? gives
A A?
7= Soe‘T\/_% [1 + %] . (190)

This result shows why a gently curved S(E) affects
the rate only at second order in the fractional Gamow-
window width. A nonzero slope s; matters at the next
level through the saddle displacement in (75), but not
through a symmetric Gaussian integral at fixed Ey.
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