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Abstract. Galactic dynamics relates the observedmotions of stars and gas to the gravitational field generated by lumi-
nous and darkmatter. This paper gives a self-contained derivation of the collisionless Boltzmann equation, its velocity
moments, and the Jeans equations, emphasizing the assumptions under which phase-space dynamics becomes a prac-
tical mass estimator. We derive the spherical Jeans equation with velocity anisotropy, the cylindrical Jeans equation
and asymmetric drift, and the local vertical Jeans equation used to infer the dark-matter density near the Sun. We then
connect these dynamical tools to galactic rotation curves, showing why a point mass gives a Keplerian decline, why a
singular isothermal sphere gives an exactly flat curve, and why the observed curves of spiral galaxies motivated dark
halos. The Navarro–Frenk–White profile is treated in detail: enclosed mass, gravitational potential, circular-speed
curve, maximum velocity, logarithmic slopes, concentration, virial mass, and the characteristic-density–concentration
relation are all derived explicitly. Worked numerical applications include Milky-Way-like halos, dwarf-spheroidal
mass estimates, asymmetric drift, and the local dark-matter density. We close with limitations of Jeans modelling, the
cusp–core problem, and the observational status of cold-dark-matter halo profiles.

Keywords: galactic dynamics; Jeans equations; rotation curves; dark matter halos; NFW profile; dwarf spheroidals;
local dark matter density

1. Introduction

The central inference problem of galactic dynamics is
deceptively simple: given positions and velocities of
tracers, determine the gravitational potential and there-
fore the mass distribution. The difficulty is that stars in
galaxies are not collisional gas particles. Their mean
free paths are far larger than the system size, their
two-body relaxation times are normally longer than
the Hubble time, and their motions preserve phase-
space structure rather than approaching local ther-
modynamic equilibrium. Galactic dynamics is there-
fore built on the collisionless Boltzmann equation, also
called the Vlasov equation, and on its velocity mo-
ments, the Jeans equations.

Historically, Jeans’ analysis of stellar motions [1] and
Eddington’s distribution-function methods [2] estab-
lished that stellar systems can be treated statistically
without being collisional fluids. Chandrasekhar’s the-
ory of stellar encounters [3] clarified when the colli-
sionless approximation is valid. Modern syntheses are
given in [4, 5]. In the second half of the twentieth
century, galactic rotation curves transformed these for-
mal tools into evidence for non-luminous matter. Ru-
bin, Ford, and collaborators found nearly flat rotation
curves in spiral galaxies [6], and Bosma showed that
extended neutral-hydrogen disks trace the same phe-
nomenon well beyond the optical radius [7]. If most
mass followed the starlight, circular speeds should de-
cline approximately as 𝑟−1/2 at large radii; instead,
many galaxies show 𝑣𝑐(𝑟) ' constant over tens of kilo-
parsecs.

Cold dark matter cosmological simulations made
this problem predictive. Navarro, Frenk, and White
found that simulated halos are well described by a two-

parameter density profile,

𝜌(𝑟) = 𝜌𝑠
(𝑟/𝑟𝑠)(1 + 𝑟/𝑟𝑠)2 , (1)

with inner logarithmic slope −1 and outer slope −3
[8, 9]. Equation (1) is not merely a convenient fit; it
links galactic kinematics to cosmological structure for-
mation through the virial mass and concentration. Yet
the same profile generates an enduring tension: many
dwarf and low-surface-brightness galaxies appear bet-
ter fitted by constant-density cores, such as the Burkert
profile [10], than by cusps. This is the cusp–core prob-
lem.
The purpose of this paper is pedagogical but rigor-

ous. We derive the kinetic equations from phase-space
continuity, obtain the Jeans equations step by step, and
apply them to rotation curves, dwarf spheroidals, disk
kinematics, and NFW halos. We emphasize the phys-
ical content of each equation: which stress supports a
stellar system, how anisotropy enters a mass estimate,
why pressure support makes stellar rotation slower
than circular rotation, and how the shape of a halo den-
sity profile maps into a circular-speed curve.

2. Physical and Mathematical Framework

2.1. Phase space and distribution functions

Definition 1. The one-particle distribution function
𝑓 (x, v, 𝑡) is defined so that the number of stars in a
phase-space volume element is

d𝑁 = 𝑓 (x, v, 𝑡) d3𝑥 d3𝑣. (2)
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Figure 1. A phase-space element advected by Hamiltonian
flow. Conservation of tracer number in this moving volume
gives the collisionless Boltzmann equation.

Its zeroth velocity moment gives the number density,

𝜈(x, 𝑡) =
∫

𝑓 (x, v, 𝑡) d3𝑣. (3)

If all tracers have identical mass 𝑚★, the tracer mass
density is 𝜌★ = 𝑚★𝜈. In Jeans modelling, however, the
tracer density 𝜈 need not equal the gravitating density
𝜌. Dwarf spheroidal galaxies provide the cleanest ex-
ample: visible stars trace the potential, but the domi-
nant mass is dark.

The mean of any velocity function 𝑞(v) is

𝜈〈𝑞〉 =
∫

𝑞(v) 𝑓 (x, v, 𝑡) d3𝑣. (4)

In particular,

𝑣̄𝑖 = 〈𝑣𝑖〉, 𝜎2
𝑖 𝑗 = 〈(𝑣𝑖 − 𝑣̄𝑖)(𝑣 𝑗 − 𝑣̄ 𝑗)〉. (5)

The tensor 𝜈𝜎2
𝑖 𝑗 is the stellar analogue of pressure, but

it is generally anisotropic.

2.2. Gravity and circular speed

The gravitational potential obeys Poisson’s equation,

∇2Φ = 4𝜋𝐺𝜌, (6)

where 𝜌 is the total gravitating density. In spherical
symmetry,

1

𝑟2
d

d𝑟

(
𝑟2

dΦ
d𝑟

)
= 4𝜋𝐺𝜌(𝑟). (7)

The enclosed mass is

𝑀(𝑟) = 4𝜋

∫ 𝑟

0

𝜌(𝑠)𝑠2 d𝑠, (8)

and integration of (7) gives

dΦ
d𝑟

=
𝐺𝑀(𝑟)
𝑟2

. (9)

A circular orbit satisfies centrifugal balance,

𝑣2𝑐
𝑟

=
dΦ
d𝑟
, (10)

so that
𝑣2𝑐 (𝑟) = 𝐺𝑀(𝑟)

𝑟
. (11)

Thus a rotation curve is directly a mass profile only un-
der circular motion and spherical symmetry; real disk
galaxies require corrections for disk geometry, pressure
support, bars, warps, and non-circular flows.

3. The Collisionless Boltzmann Equation

3.1. Derivation from phase-space continuity

Consider the six-dimensional phase-space coordinate

w = (x, v). (12)

The phase-space flow velocity is

¤w = ( ¤x, ¤v) = (v,−∇Φ). (13)

Conservation of the number of tracers in phase space
requires

𝜕 𝑓
𝜕𝑡

+ ∇w · ( 𝑓 ¤w) = 0. (14)

Expanding the six-dimensional divergence gives

𝜕 𝑓
𝜕𝑡

+ ∇x · ( 𝑓 v) + ∇v · [− 𝑓∇Φ] = 0. (15)

Since v is independent of x and ∇Φ is independent of
v,

∇x · ( 𝑓 v) = v · ∇x 𝑓 , (16)
∇v · [− 𝑓∇Φ] = −(∇Φ) · ∇v 𝑓 . (17)

Therefore

𝜕 𝑓
𝜕𝑡

+ v · ∇x 𝑓 − (∇Φ) · ∇v 𝑓 = 0. (18)

In index notation this is

𝜕 𝑓
𝜕𝑡

+ 𝑣𝑖 𝜕 𝑓𝜕𝑥𝑖
− 𝜕Φ

𝜕𝑥𝑖

𝜕 𝑓
𝜕𝑣𝑖

= 0, (19)

with summation over repeated indices.

Theorem 1 (Collisionless Boltzmann equation). For a
stellar system inwhich close encounters may be neglected, the
distribution function is conserved along phase-space charac-
teristics:

d 𝑓
d𝑡

=
𝜕 𝑓
𝜕𝑡

+ ¤x · ∇x 𝑓 + ¤v · ∇v 𝑓 = 0. (20)

The physicalmeaning is Liouville conservation: stars
move through phase space without creation, destruc-
tion, or collisional diffusion. The only way 𝑓 changes
at a fixed point is by advection through that point.
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The collisionless approximation is accurate when the
two-body relaxation time is large. For a system of 𝑁
comparable particles,

𝑡rel ' 0.1𝑁
ln𝑁

𝑡cross , (21)

where 𝑡cross ∼ 𝑅/𝜎. In a galaxy with 𝑁 ∼ 1011, 𝑡rel ex-
ceeds the age of the Universe. Globular clusters, with
much smaller 𝑁 , are less collisionless and require addi-
tional physics.

3.2. Steady states and Jeans theorem

If the potential is time independent, a steady distribu-
tion satisfies

v · ∇x 𝑓 − (∇Φ) · ∇v 𝑓 = 0. (22)

Any function of isolating integrals of motion is a solu-
tion. For example, in a spherical potential the specific
energy

𝐸 =
1

2
𝑣2 +Φ(𝑟) (23)

and angular momentum

𝐿2 = 𝑟2𝑣2𝑡 (24)

are integrals. A distribution 𝑓 (𝐸, 𝐿) automatically satis-
fies (22). The Jeans equations use only low-order mo-
ments of 𝑓 ; consequently they are less informative than
a full distribution-function model, but they are much
easier to apply to data.

4. Velocity Moments and the Jeans Equa-
tions

4.1. Zeroth moment: continuity equation

Integrate (19) over all velocities:∫ [
𝜕 𝑓
𝜕𝑡

+ 𝑣𝑖 𝜕 𝑓𝜕𝑥𝑖
− 𝜕Φ

𝜕𝑥𝑖

𝜕 𝑓
𝜕𝑣𝑖

]
d3𝑣 = 0. (25)

The first term is ∫
𝜕 𝑓
𝜕𝑡

d3𝑣 =
𝜕𝜈

𝜕𝑡
. (26)

The second term is∫
𝑣𝑖

𝜕 𝑓
𝜕𝑥𝑖

d3𝑣 =
𝜕

𝜕𝑥𝑖

∫
𝑣𝑖 𝑓 d3𝑣 =

𝜕(𝜈𝑣̄𝑖)
𝜕𝑥𝑖

. (27)

The force term vanishes if 𝑓 → 0 sufficiently fast as
|v| → ∞ :

− 𝜕Φ
𝜕𝑥𝑖

∫
𝜕 𝑓
𝜕𝑣𝑖

d3𝑣 = 0. (28)

Hence
𝜕𝜈

𝜕𝑡
+ 𝜕(𝜈𝑣̄𝑖)

𝜕𝑥𝑖
= 0. (29)

In vector notation,

𝜕𝜈

𝜕𝑡
+ ∇ · (𝜈v̄) = 0. (30)

This is ordinary number conservation. It contains
no gravitational force explicitly because gravity moves
stars in velocity space but does not create or destroy
them.

4.2. First moment: Cartesian Jeans equation

Multiply (19) by 𝑣 𝑗 and integrate:∫
𝑣 𝑗

[
𝜕 𝑓
𝜕𝑡

+ 𝑣𝑖 𝜕 𝑓𝜕𝑥𝑖
− 𝜕Φ

𝜕𝑥𝑖

𝜕 𝑓
𝜕𝑣𝑖

]
d3𝑣 = 0. (31)

The time term gives∫
𝑣 𝑗

𝜕 𝑓
𝜕𝑡

d3𝑣 =
𝜕(𝜈𝑣̄ 𝑗)
𝜕𝑡

. (32)

The streaming term gives∫
𝑣 𝑗𝑣𝑖

𝜕 𝑓
𝜕𝑥𝑖

d3𝑣 =
𝜕(𝜈〈𝑣𝑖𝑣 𝑗〉)

𝜕𝑥𝑖
. (33)

For the force term integrate by parts:

− 𝜕Φ
𝜕𝑥𝑖

∫
𝑣 𝑗

𝜕 𝑓
𝜕𝑣𝑖

d3𝑣 = − 𝜕Φ
𝜕𝑥𝑖

[
𝑣 𝑗 𝑓

]
∞

+ 𝜕Φ
𝜕𝑥𝑖

∫
𝑓
𝜕𝑣 𝑗
𝜕𝑣𝑖

d3𝑣

= 𝜈
𝜕Φ
𝜕𝑥 𝑗

. (34)

Thus
𝜕(𝜈𝑣̄ 𝑗)
𝜕𝑡

+ 𝜕(𝜈〈𝑣𝑖𝑣 𝑗〉)
𝜕𝑥𝑖

+ 𝜈
𝜕Φ
𝜕𝑥 𝑗

= 0. (35)

Using
〈𝑣𝑖𝑣 𝑗〉 = 𝜎2

𝑖 𝑗 + 𝑣̄𝑖 𝑣̄ 𝑗 , (36)

and subtracting the continuity equation multiplied by
𝑣̄ 𝑗 , one obtains the Euler-like form

𝜈

(
𝜕𝑣̄ 𝑗
𝜕𝑡

+ 𝑣̄𝑖
𝜕𝑣̄ 𝑗
𝜕𝑥𝑖

)
= −𝜈 𝜕Φ

𝜕𝑥 𝑗
−

𝜕(𝜈𝜎2
𝑖 𝑗)

𝜕𝑥𝑖
. (37)

Equation (37) is the Jeans equation. It resembles
the Euler equation, but the pressure is replaced by
a stress tensor determined by the stellar orbit distri-
bution. Because higher moments are not specified,
the Jeans hierarchy is not closed without assumptions
about anisotropy or distribution functions.

5. The Spherical Jeans Equation

5.1. Derivation with anisotropy

For a steady, non-rotating, spherically symmetric tracer
population, 𝑣̄𝑟 = 𝑣̄𝜃 = 𝑣̄𝜙 = 0, and all quantities depend
only on 𝑟. The radial Jeans equation is

d(𝜈𝜎2
𝑟 )

d𝑟
+ 𝜈
𝑟

(
2𝜎2

𝑟 − 𝜎2
𝜃 − 𝜎2

𝜙

)
= −𝜈dΦ

d𝑟
. (38)
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Spherical symmetry requires

𝜎2
𝜃 = 𝜎2

𝜙 . (39)

Define the Binney anisotropy parameter

𝛽(𝑟) = 1 −
𝜎2
𝜃 + 𝜎2

𝜙

2𝜎2
𝑟

= 1 − 𝜎2
𝑡

𝜎2
𝑟
, (40)

where 𝜎2
𝑡 = 𝜎2

𝜃 = 𝜎2
𝜙. Substituting into (38) gives

d(𝜈𝜎2
𝑟 )

d𝑟
+ 2𝛽𝜈𝜎2

𝑟

𝑟
= −𝜈𝐺𝑀(𝑟)

𝑟2
. (41)

Solving for mass,

𝑀(𝑟) = − 𝑟2

𝐺𝜈

[
d(𝜈𝜎2

𝑟 )
d𝑟

+ 2𝛽𝜈𝜎2
𝑟

𝑟

]
. (42)

Equivalently,

𝑀(𝑟) = − 𝑟𝜎
2
𝑟

𝐺

[
d ln 𝜈
d ln 𝑟

+ d ln 𝜎2
𝑟

d ln 𝑟
+ 2𝛽

]
. (43)

The physical interpretation is transparent. Gravity
pulls inward. It is balanced by the radial gradient of ra-
dial pressure, d(𝜈𝜎2

𝑟 )/d𝑟, and by a curvature term gov-
erned by anisotropy. If 𝛽 > 0, orbits are radially biased
and less tangential pressure is available; for a fixed ob-
served dispersion, the inferred mass changes.

For specified𝑀(𝑟) and 𝛽(𝑟), (41) is a first-order linear
equation. With integrating factor

𝐼(𝑟) = exp

[∫ 𝑟 2𝛽(𝑠)
𝑠

d𝑠

]
, (44)

the solution satisfying 𝜈𝜎2
𝑟 → 0 at infinity is

𝜈(𝑟)𝜎2
𝑟 (𝑟) = 1

𝐼(𝑟)
∫ ∞

𝑟
𝐼(𝑠)𝜈(𝑠)𝐺𝑀(𝑠)

𝑠2
d𝑠. (45)

For constant 𝛽,
𝐼(𝑟) = 𝑟2𝛽 , (46)

and therefore

𝜈𝜎2
𝑟 = 𝑟−2𝛽

∫ ∞

𝑟
𝑠2𝛽𝜈(𝑠)𝐺𝑀(𝑠)

𝑠2
d𝑠. (47)

Remark 1. The observed line-of-sight dispersion is a pro-
jected quantity. If 𝑅 is projected radius and 𝑟2 = 𝑅2+𝑧2,
then

Σ(𝑅) = 2

∫ ∞

𝑅

𝜈(𝑟)𝑟 d𝑟√
𝑟2 − 𝑅2

, (48)

and
Σ𝜎2

los = 2

∫ ∞

𝑅

(
1 − 𝛽

𝑅2

𝑟2

)
𝜈𝜎2

𝑟 𝑟 d𝑟√
𝑟2 − 𝑅2

. (49)

Equations (41) and (49) show the mass–anisotropy de-
generacy: different pairs 𝑀(𝑟) and 𝛽(𝑟) can produce
similar projected dispersions.

5.2. Application to dwarf spheroidal galaxies

Dwarf spheroidal galaxies have small baryonic masses,
little gas, and large stellar velocity dispersions rela-
tive to their luminosities. A useful mass estimator fol-
lows from the spherical Jeans equation near the three-
dimensional half-light radius 𝑟1/2. At the radius where

d ln 𝜈
d ln 𝑟

' −3, (50)

the enclosed mass is weakly sensitive to 𝛽 [11]. The
estimator is

𝑀(𝑟1/2) '
3𝑟1/2〈𝜎2

los
〉

𝐺
. (51)

Since 𝑟1/2 ' (4/3)𝑅𝑒 for many light profiles,

𝑀(𝑟1/2) '
4𝑅𝑒〈𝜎2

los
〉

𝐺
. (52)

For a typical classical dwarf with 𝑅𝑒 = 300 pc and
𝜎los = 10 km s−1, using

𝐺 = 4.302 × 10−3 pc (km s−1)2
𝑀�

, (53)

we obtain

𝑀(𝑟1/2) = 4(300 pc)(100 km2 s−2)
4.302 × 10−3 𝑀�

= 2.79 × 107 𝑀� . (54)

If the luminosity is 𝐿 = 5 × 105 𝐿� , then

𝑀
𝐿

' 56
𝑀�
𝐿�

. (55)

The high mass-to-light ratio is not a subtle modelling
artifact; it follows from the virial scale 𝑟𝜎2/𝐺.

6. Axisymmetric Jeans Equations andAsym-
metric Drift

6.1. Cylindrical radial Jeans equation

In cylindrical coordinates (𝑅, 𝜙, 𝑧), for a steady axisym-
metric disk with 𝜕/𝜕𝑡 = 0 and 𝜕/𝜕𝜙 = 0, the radial
Jeans equation is

𝜕(𝜈𝜎2
𝑅)

𝜕𝑅
+ 𝜕(𝜈𝜎2

𝑅𝑧)
𝜕𝑧

+ 𝜈
©­«
𝜎2
𝑅 − 𝑣2𝜙
𝑅

+ 𝜕Φ
𝜕𝑅

ª®¬ = 0. (56)

The circular speed is

𝑣2𝑐 (𝑅, 𝑧) = 𝑅
𝜕Φ
𝜕𝑅

. (57)

Writing
𝑣2𝜙 = 𝑣̄2𝜙 + 𝜎2

𝜙 , (58)

and rearranging (56), one finds

𝑣2𝑐 − 𝑣̄2𝜙 = 𝜎2
𝜙 − 𝜎2

𝑅 − 𝑅
𝜈

𝜕(𝜈𝜎2
𝑅)

𝜕𝑅
− 𝑅

𝜈

𝜕(𝜈𝜎2
𝑅𝑧)

𝜕𝑧
. (59)
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Near the midplane, the tilt term is often neglected as a
first approximation. Then

𝑣2𝑐 − 𝑣̄2𝜙 = 𝜎2
𝑅

[
−d ln(𝜈𝜎2

𝑅)
d ln𝑅

− 1 +
𝜎2
𝜙

𝜎2
𝑅

]
. (60)

This difference is the asymmetric drift: random radial
motions reduce the mean azimuthal streaming below
the circular speed.

For a warm population with 𝑣𝑎 = 𝑣𝑐 − 𝑣̄𝜙 � 𝑣𝑐 ,

𝑣2𝑐 − 𝑣̄2𝜙 = (𝑣𝑐 − 𝑣̄𝜙)(𝑣𝑐 + 𝑣̄𝜙) ' 2𝑣𝑐𝑣𝑎 , (61)

so

𝑣𝑎 '
𝜎2
𝑅

2𝑣𝑐

[
−d ln(𝜈𝜎2

𝑅)
d ln𝑅

− 1 +
𝜎2
𝜙

𝜎2
𝑅

]
. (62)

For an exponential tracer density and dispersion pro-
file,

𝜈(𝑅) = 𝜈0𝑒−𝑅/𝑅𝑑 , 𝜎2
𝑅(𝑅) = 𝜎2

𝑅0𝑒
−𝑅/𝑅𝜎 , (63)

the logarithmic derivative is

−d ln(𝜈𝜎2
𝑅)

d ln𝑅
=
𝑅
𝑅𝑑

+ 𝑅
𝑅𝜎
. (64)

If 𝑅 = 8 kpc, 𝑅𝑑 = 3 kpc, 𝑅𝜎 = 7 kpc, 𝜎𝑅 = 40 km s−1,
𝑣𝑐 = 230 km s−1, and 𝜎2

𝜙/𝜎2
𝑅 = 0.5, then

𝑣𝑎 =
1600

460

[8
3
+ 8

7
− 1 + 0.5

]
km s−1

= 11.5 km s−1. (65)

The result is of the same order as the observed lag of
old thin-disk stars.

6.2. Vertical Jeans equation and local density

For a steady axisymmetric disk, the vertical Jeans equa-
tion is

1

𝑅

𝜕(𝑅𝜈𝜎2
𝑅𝑧)

𝜕𝑅
+ 𝜕(𝜈𝜎2

𝑧 )
𝜕𝑧

+ 𝜈
𝜕Φ
𝜕𝑧

= 0. (66)

If the tilt term is small near the solar cylinder,

𝜕(𝜈𝜎2
𝑧 )

𝜕𝑧
= −𝜈𝐾𝑧 , 𝐾𝑧 =

𝜕Φ
𝜕𝑧
. (67)

Thus the vertical force is

𝐾𝑧(𝑧) = −1

𝜈

𝜕(𝜈𝜎2
𝑧 )

𝜕𝑧
. (68)

Combining with Poisson’s equation in cylindrical coor-
dinates gives

4𝜋𝐺𝜌 =
1

𝑅
𝜕

𝜕𝑅

(
𝑅
𝜕Φ
𝜕𝑅

)
+ 𝜕2Φ

𝜕𝑧2
. (69)

Since
𝑅
𝜕Φ
𝜕𝑅

= 𝑣2𝑐 (𝑅), (70)

the local density is

4𝜋𝐺𝜌(𝑅, 𝑧) = 1

𝑅
𝜕𝑣2𝑐
𝜕𝑅

+ 𝜕𝐾𝑧
𝜕𝑧

. (71)

For a locally flat rotation curve, the radial term is small:

1

𝑅
𝜕𝑣2𝑐
𝜕𝑅

' 0. (72)

The Oort-limit measurement is then essentially a mea-
surement of 𝜕𝐾𝑧/𝜕𝑧.
A standard local dark-matter density is

𝜌dm,� ' 0.01𝑀� pc−3 , (73)

equivalent to

𝜌dm,� ' 0.38GeV cm−3. (74)

The conversion follows from

1𝑀� pc−3 = 37.9GeV cm−3. (75)

The local density is dynamically important because
it calibrates direct-detection experiments and anchors
Milky-Way mass models [12].

7. Rotation Curves and Elementary Mass
Models

7.1. Point mass and luminous finite systems

For a point mass 𝑀,

Φ(𝑟) = −𝐺𝑀
𝑟
, (76)

and

𝑣𝑐(𝑟) =
√
𝐺𝑀
𝑟

∝ 𝑟−1/2. (77)

Any finite mass distribution behaves similarly at radii
much larger than its extent:

𝑀(𝑟) → 𝑀tot ⇒ 𝑣𝑐(𝑟) →
√
𝐺𝑀tot

𝑟
. (78)

Therefore an extended flat rotation curve indicates that
the enclosedmass continues to grow approximately lin-
early with radius.

7.2. Exponential disk

A thin stellar disk is often approximated by

Σ(𝑅) = Σ0𝑒−𝑅/𝑅𝑑 , (79)

with total mass
𝑀𝑑 = 2𝜋Σ0𝑅2

𝑑 . (80)
The exact circular-speed expression involves modified
Bessel functions; qualitatively, 𝑣𝑐 rises near the centre,
peaks at

𝑅 ' 2.2𝑅𝑑 , (81)
and then declines approximately Keplerian when most
disk mass is enclosed. Thus a disk alone cannot main-
tain an indefinitely flat curve unless its mass-to-light ra-
tio rises strongly with radius.
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Figure 2. Representative rotation curves. A point mass de-
clines as 𝑟−1/2, an isothermal sphere is flat, and an NFW halo
rises, peaks, and slowly declines.

7.3. Isothermal sphere

A singular isothermal sphere has density

𝜌(𝑟) = 𝜎2

2𝜋𝐺𝑟2
. (82)

The enclosed mass is

𝑀(𝑟) = 4𝜋

∫ 𝑟

0

𝜎2

2𝜋𝐺𝑠2
𝑠2 d𝑠

=
2𝜎2𝑟
𝐺

. (83)

The circular speed is therefore

𝑣2𝑐 =
𝐺𝑀(𝑟)
𝑟

= 2𝜎2 , (84)

which is exactly flat. The singular isothermal sphere
captures the observed flatness but has two defects: it is
singular at 𝑟 = 0 and has infinite total mass.

8. The NFW Halo

8.1. Density, mass, and slopes

Let
𝑥 =

𝑟
𝑟𝑠
. (85)

The NFW density profile is

𝜌(𝑟) = 𝜌𝑠
𝑥(1 + 𝑥)2 . (86)

Its logarithmic slope is

d ln 𝜌

d ln 𝑟
=

d

d ln 𝑥
[− ln 𝑥 − 2 ln(1 + 𝑥)]

= −1 − 2𝑥
1 + 𝑥 . (87)

Hence
d ln 𝜌

d ln 𝑟
→ −1 (𝑥 � 1), (88)

10−2 10−1 100 101 102
10−6

10−3

100

103

𝑟/𝑟𝑠

𝜌
/𝜌

𝑠

NFW
Burkert
slope −1
slope −3

Figure 3. NFW and Burkert density profiles. The NFW halo
is cusped, 𝜌 ∝ 𝑟−1, while the Burkert halo has a finite central
density. Both fall approximately as 𝑟−3 at large radius.

and
d ln 𝜌

d ln 𝑟
→ −3 (𝑥 � 1). (89)

The mass follows from

𝑀(𝑟) = 4𝜋𝜌𝑠𝑟3𝑠

∫ 𝑥

0

𝑦2 d𝑦
𝑦(1 + 𝑦)2

= 4𝜋𝜌𝑠𝑟3𝑠

∫ 𝑥

0

𝑦 d𝑦
(1 + 𝑦)2 . (90)

Write
𝑦

(1 + 𝑦)2 =
1

1 + 𝑦 − 1

(1 + 𝑦)2 . (91)

Therefore∫ 𝑥

0

𝑦 d𝑦
(1 + 𝑦)2 =

[
ln(1 + 𝑦) + 1

1 + 𝑦
] 𝑥
0

= ln(1 + 𝑥) − 𝑥
1 + 𝑥 . (92)

Thus
𝑀(𝑟) = 4𝜋𝜌𝑠𝑟3𝑠

[
ln(1 + 𝑥) − 𝑥

1 + 𝑥
]
. (93)

The mass diverges logarithmically as 𝑟 → ∞, so the
profile must be truncated or interpreted within a virial
radius.

8.2. Potential

For a spherical mass distribution with Φ(∞) = 0,

Φ(𝑟) = −𝐺
∫ ∞

𝑟

𝑀(𝑠)
𝑠2

d𝑠. (94)

Substitute (93) with 𝑢 = 𝑠/𝑟𝑠 :

Φ(𝑟) = −4𝜋𝐺𝜌𝑠𝑟2𝑠
∫ ∞

𝑥

ln(1 + 𝑢) − 𝑢/(1 + 𝑢)
𝑢2

d𝑢. (95)

Since

d

d𝑢

[
ln(1 + 𝑢)

𝑢

]
=
𝑢/(1 + 𝑢) − ln(1 + 𝑢)

𝑢2
, (96)
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the integral is∫ ∞

𝑥

ln(1 + 𝑢) − 𝑢/(1 + 𝑢)
𝑢2

d𝑢 =
ln(1 + 𝑥)

𝑥
. (97)

Thus

Φ(𝑟) = −4𝜋𝐺𝜌𝑠𝑟2𝑠 ln(1 + 𝑥)𝑥
. (98)

Equivalently,

Φ(𝑟) = −4𝜋𝐺𝜌𝑠𝑟3𝑠 ln(1 + 𝑟/𝑟𝑠)𝑟
. (99)

Although the density diverges as 1/𝑟, the potential is
finite at the centre:

Φ(0) = −4𝜋𝐺𝜌𝑠𝑟2𝑠 . (100)

8.3. Circular speed and maximum velocity

Using (11) and (93),

𝑣2𝑐 (𝑟) = 4𝜋𝐺𝜌𝑠𝑟2𝑠
ln(1 + 𝑥) − 𝑥/(1 + 𝑥)

𝑥
. (101)

Define
𝑉2
𝑠 = 4𝜋𝐺𝜌𝑠𝑟2𝑠 . (102)

Then

𝑣2𝑐
𝑉2
𝑠
=
𝑚(𝑥)
𝑥

, 𝑚(𝑥) = ln(1 + 𝑥) − 𝑥
1 + 𝑥 . (103)

The maximum occurs where

d

d𝑥

[
𝑚(𝑥)
𝑥

]
= 0. (104)

Since
𝑚′(𝑥) = 𝑥

(1 + 𝑥)2 , (105)

the condition becomes

𝑥𝑚′(𝑥) − 𝑚(𝑥) = 0, (106)

or
𝑥2

(1 + 𝑥)2 − ln(1 + 𝑥) + 𝑥
1 + 𝑥 = 0. (107)

Numerically,
𝑥max = 2.16258. (108)

At this radius,

𝑉2
max = 𝑉2

𝑠
𝑚(2.16258)
2.16258

. (109)

TheNFWcurve declines only logarithmically slowly be-
yond the peak because 𝑀(𝑟) ∝ ln 𝑟 at large radius.

0 2 4 6 8 10 12
0

0.5

1
𝑥max = 2.163

𝑥 = 𝑟/𝑟𝑠

𝑣 𝑐
/𝑉

m
a
x

Figure 4. NFW circular-speed curve normalized by its maxi-
mum. The peak occurs at 𝑟 = 2.163𝑟𝑠 .

8.4. Virial mass, concentration, and characteristic
density

Define 𝑟200 as the radius enclosing mean density 200
times the critical density,

𝜌̄(< 𝑟200) = 200𝜌crit. (110)

The critical density is

𝜌crit =
3𝐻2

8𝜋𝐺
. (111)

The virial mass is

𝑀200 =
4𝜋
3
200𝜌crit𝑟3200. (112)

The concentration is

𝑐 =
𝑟200
𝑟𝑠

. (113)

Evaluating the NFWmass at 𝑟200 gives

𝑀200 = 4𝜋𝜌𝑠𝑟3𝑠
[
ln(1 + 𝑐) − 𝑐

1 + 𝑐
]
. (114)

Equating (112) and (114) yields

𝜌𝑠 =
200

3
𝜌crit

𝑐3

ln(1 + 𝑐) − 𝑐/(1 + 𝑐) . (115)

It is common to define

𝛿𝑐 =
𝜌𝑠
𝜌crit

=
200

3

𝑐3

ln(1 + 𝑐) − 𝑐/(1 + 𝑐) . (116)

The virial circular speed is

𝑉2
200 =

𝐺𝑀200

𝑟200
, (117)

and the NFW rotation curve may be written

𝑣2𝑐 (𝑟)
𝑉2
200

=
𝑐
𝑥
ln(1 + 𝑥) − 𝑥/(1 + 𝑥)
ln(1 + 𝑐) − 𝑐/(1 + 𝑐) . (118)
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Table 1. Characteristic NFW quantities.

Quantity Definition Meaning
𝑟𝑠 slope radius d ln 𝜌/d ln 𝑟 = −2
𝜌𝑠 scale density normalization
𝑥 𝑟/𝑟𝑠 dimensionless radius
𝑚(𝑥) ln(1 + 𝑥) − 𝑥/(1 + 𝑥) dimensionless mass
𝑐 𝑟200/𝑟𝑠 concentration
𝑀200 (4𝜋/3)200𝜌crit𝑟3200 virial mass
𝛿𝑐 𝜌𝑠/𝜌crit characteristic overdensity
𝑉max 𝑣𝑐(2.163𝑟𝑠) peak halo speed

9. Worked Numerical Applications

9.1. A Milky-Way-like NFW halo

Take

𝑀200 = 1012 𝑀� , 𝑐 = 10, 𝐻0 = 70 km s−1 Mpc−1.
(119)

For this value of 𝐻0,

𝜌crit ' 136𝑀� kpc−3. (120)

From (112),

𝑟200 =

[
3𝑀200

4𝜋 200𝜌crit

]1/3
= 206 kpc. (121)

Then
𝑟𝑠 =

𝑟200
𝑐

= 20.6 kpc. (122)

For 𝑐 = 10,

𝑚(𝑐) = ln(11) − 10

11
= 1.489. (123)

Thus

𝜌𝑠 =
𝑀200

4𝜋𝑟3𝑠𝑚(𝑐)
= 6.11 × 106 𝑀� kpc−3

= 6.11 × 10−3 𝑀� pc−3. (124)

At the solar radius 𝑅0 = 8.2 kpc,

𝑥0 =
8.2
20.6

= 0.398. (125)

The halo density is

𝜌h(𝑅0) = 6.11 × 10−3
0.398(1.398)2 𝑀� pc−3

= 7.86 × 10−3 𝑀� pc−3. (126)

This is close to the canonical local dark-matter density
in (73); the difference between halo-only and full Galac-
tic modelling is at the tens of percent level.

The virial speed is

𝑉200 =

√
𝐺𝑀200

𝑟200
= 144 km s−1 , (127)

using 𝐺 = 4.302 × 10−6 kpc(km s−1)2𝑀−1� . The maxi-
mum speed is obtained from (118) at 𝑥 = 2.163:

𝑉max = 𝑉200

[
𝑐

2.163
𝑚(2.163)
𝑚(10)

]1/2
= 174 km s−1. (128)

9.2. A dwarf spheroidal mass-to-light ratio

For an ultra-faint dwarf with 𝑅𝑒 = 50 pc and 𝜎los =
4 km s−1,

𝑀(𝑟1/2) =
4𝑅𝑒𝜎2

los

𝐺

=
4(50)(16)

4.302 × 10−3 𝑀�

= 7.44 × 105 𝑀� . (129)

If 𝐿 = 3000 𝐿� ,

𝑀/𝐿 ' 248𝑀�/𝐿� . (130)

This illustrates why dwarf spheroidals are among the
most dark-matter-dominated known stellar systems.

9.3. Surface density from vertical kinematics

For a thin sheet approximation, the vertical force at
height 𝑧 is related to surface density by

𝐾𝑧(𝑧) ' 2𝜋𝐺Σ(|𝑧|) . (131)

If kinematics give Σ(1.1 kpc) ' 70𝑀� pc−2 and visible
matter contributes 55𝑀� pc−2, the dark contribution is

Σdm ' 15𝑀� pc−2. (132)

Approximating this as a roughly constant density over
|𝑧| < 1.1 kpc gives

𝜌dm ' Σdm

2(1100 pc) = 6.8 × 10−3 𝑀� pc−3 , (133)

again of order 0.01𝑀� pc−3.

10. Cores, Cusps, and Alternative Halo Pro-
files

The Burkert profile is a commonly used cored alterna-
tive:

𝜌B(𝑟) = 𝜌0

(1 + 𝑟/𝑟0)[1 + (𝑟/𝑟0)2] . (134)
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Figure 5. Illustrative vertical surface-density budget near the
solar radius. A nearly constant dark-matter density adds a
component growing approximately linearly with height.

0 1 2 3 4 5
0

0.5

1

𝑟/𝑟𝑠 or 𝑟/𝑟0

no
rm

al
iz
ed

𝑣 𝑐

NFW
Burkert shape

Figure 6. Inner circular-speed shapes for cusped and cored
profiles. The Burkert curve rises more nearly linearly at small
radius, while the NFW curve rises as 𝑟1/2.

At small radii,
𝜌B(𝑟) → 𝜌0 , (135)

whereas the NFW profile has 𝜌 ∝ 𝑟−1. For the Burkert
profile the inner enclosed mass scales as

𝑀B(𝑟) ∝ 𝑟3 (𝑟 � 𝑟0), (136)

and therefore
𝑣𝑐(𝑟) ∝ 𝑟. (137)

For an NFW cusp,

𝑀NFW(𝑟) ∝ 𝑟2 (𝑟 � 𝑟𝑠), (138)

so
𝑣𝑐(𝑟) ∝ 𝑟1/2. (139)

The difference between solid-body rise and square-root
rise is the kinematic signature of a core versus a cusp,
though observational beam smearing, non-circular mo-
tions, baryonic feedback, and inclination uncertainties
can obscure it.

11. Discussion
The Jeans equations are powerful because they require
only low-order velocity moments, but this economy is

also their principal weakness. A Jeans solution need
not correspond to a non-negative distribution func-
tion. Even when it does, projected observables may not
uniquely determine 𝑀(𝑟), 𝛽(𝑟), and the tracer density.
The spherical mass–anisotropy degeneracy is the clas-
sic example: radial anisotropy can mimic a change in
mass profile. Propermotions, higher velocitymoments,
multiple tracer populations, and distribution-function
modelling help break this degeneracy.
Rotation curves are more direct but not assumption-

free. Gas rotation is affected by pressure gradi-
ents, turbulence, warps, bars, spiral streaming, and
the finite thickness of the disk. Stellar rotation re-
quires asymmetric-drift corrections. Decomposition
into bulge, disk, gas, and halo is limited by the stellar
mass-to-light ratio. Nevertheless, the empirical flatness
found by Rubin and Bosma remains one of the clearest
dynamical arguments for dark matter: beyond the lu-
minous disk, 𝑣𝑐 ' constant implies 𝑀(𝑟) ∝ 𝑟, far ex-
ceeding the visible mass.

The NFW profile is a cornerstone of the cold-dark-
matter paradigm. Its two parameters may be replaced
by 𝑀200 and 𝑐, connecting galaxy dynamics to cosmol-
ogy. In hierarchical structure formation, concentration
reflects the characteristic density of the Universe when
the halo assembled: low-mass halos typically form ear-
lier and are more concentrated. Precision cosmology
fixes the background parameters entering 𝜌crit [13],
while simulations calibrate the mass–concentration re-
lation.
Yet the NFW form is not universally sufficient.

The cusp–core problem asks why some dark-matter-
dominated galaxies appear to have central cores. Possi-
ble explanations include baryonic feedback that trans-
fers energy to dark matter through repeated gas in-
flow and outflow, self-interacting dark matter, fuzzy
or warm dark matter, and systematic observational ef-
fects. Conversely, some systems are consistent with
cusps. The problem is therefore not merely whether
NFW is wrong, but under what conditions collisionless
cold dark matter plus baryonic physics predicts depar-
tures from it.
The local dark-matter density illustrates another

modern frontier. Gaia astrometry has transformed
vertical Jeans analyses by providing phase-space in-
formation for millions of stars. However, disequilib-
ria from spiral arms, the Galactic bar, satellite pertur-
bations, and phase-space spirals violate the simplest
steady-state assumptions. The local value 𝜌dm,� ∼
0.01𝑀� pc−3 is robust at order unity, but percent-level
precision requires non-equilibrium modelling.

12. Conclusion

Starting fromphase-space number conservation, we de-
rived the collisionless Boltzmann equation and its ve-
locity moments. The zeroth moment gives tracer conti-
nuity, while the first moment gives the Jeans equations,
in which gravity is balanced by gradients of velocity

9



The Jeans Equations, Galactic Rotation Curves and the NFW Dark Matter Potential Profile Galactic Dynamics

dispersion and streaming motion. In spherical systems
the Jeans equation relates the enclosed mass to tracer
density, radial dispersion, and anisotropy; in disks the
radial equation yields asymmetric drift and the verti-
cal equation gives the local density through the vertical
force.
Rotation curves translate these dynamical principles

into one of the strongest arguments for dark matter.
A point mass gives 𝑣𝑐 ∝ 𝑟−1/2, an exponential disk
peaks and declines, whereas observed spiral galaxies
commonly show nearly flat curves. An isothermal
sphere explains flatness but is singular and has infi-
nite mass. The NFW profile, motivated by cosmolog-
ical simulations, provides a physically connected halo
model with density slopes −1 and −3, enclosed mass
𝑀(𝑟) = 4𝜋𝜌𝑠𝑟3𝑠 [ln(1 + 𝑥) − 𝑥/(1 + 𝑥)], potential Φ =
−4𝜋𝐺𝜌𝑠𝑟3𝑠 ln(1+𝑟/𝑟𝑠)/𝑟, and a circular-speedmaximum
at 𝑟 = 2.163𝑟𝑠 .

Jeansmethods andNFWhalos remain indispensable,
but they are not final answers. Their assumptions must
be tested against non-equilibrium structure, baryonic
effects, and high-quality data. The continuing dialogue
between theory, simulations, and observations is pre-
cisely what makes galactic dynamics a central disci-
pline in modern astrophysics.
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